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Abstract. In this paper, we study the correspondence between 
tropical curves and holomorphic curves. Previously this was stud- 
ied in the case of so-called non-superabundant tropical curves by 
Mikhalkin, and by Siebert and the author. The main subjects in 
this paper are superabundant tropical curves. First we give an 
effective combinatorial description of these curves. Based on this 
description, we calculate the obstructions for appropriate deforma- 
tion theory, describe the Kuranishi map, and study the space of 
solutions of it. The genus one case is solved completely, and the 
theory works for many of the higher genus cases, too. 



1. Introduction 

In this paper, we consider the correspondence between tropical curves 
in real affine spaces and holomorphic curves in toric varieties. This 
study was initiated by G.Mikhalkin's celebrated paper in which 
he proved the correspondence between tropical curves of any genus in 
M^, and holomorphic curves in toric surfaces specified by combinatorial 
data of the tropical curves. Subsequently, B. Siebert and the author 
proved the correspondence between rational tropical curves in M" and 
rational curves in n- dimensional toric varieties [9]. We extend these 
results to the correspondence between tropical curves of any genus in 
M" and holomorphic curves in n-dimensional toric varieties. 

Our first result is the unification and the extension of the above 
two results. Namely, the correspondence theorem for general non- 
superabundant tropical curves. This result was first announced by 
Mikhalkin in his paper [5l Theorem 1]. The terminologies used in the 
statement are defined or explained in Section 2. 

Theorem 1. Let {T,h), h : T ^ M" be an immersive tropical curve of 
genus g which is non- superabundant. Let X be an n-dimensional toric 
variety associated to (F, h) and X ^ C be a degeneration of X defined 
respecting (F, h). Let Xq be the central fiber of X. Then any maximally 
degenerate pre-log curve in Xq of type (F, h) can be smoothly deformed 
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into a holomorphic curve in X, and the degrees of freedom of deforming 
tropical and holomorphic curves coincide. 

Using the terminology in Definition [231 this theorem can be stated 
in shorter terms. Namely, it is equivalent to the following statement: 
For an immersive non-superabundant tropical curve (F, /i), any pre- log 
curve of type (F, h) is smoothable. 

Remark 2. From this theorem, we can deduce enumerative results for 
non- superabundant curves as in [9], introducing incidence conditions, 
markings of the edges, various weights, etc.. We leave the precise for- 
mulation to the interested readers, because it can be performed com- 
pletely similarly as in [H]. We develop the (more involved) study of 
enumeration problems of genus one case in Subsection \6.^ 

However, this is not our main result. In fact, the proof of Theorem 
[1] is more important than the result itself, for our purpose. In the 
proof of Proposition |25l we develop a new combinatorial method to 
describe sheaf cohomology groups of holomorphic curves associated to 
tropical curves. Using this idea, we obtain an effective combinatorial 
description of superabundant tropical curves (Theorem 1501). This is the 
starting point of our study of these curves. 

Then we begin to study the deformation theory. Our general strategy 
to prove the correspondence theorem is as follows: First we construct 
a singular curve (pre-log curve. Definition [T9|) in a singular variety 
(central fiber of a toric degeneration), then we try to find the necessary 
and sufficient condition under which the singular curve deforms to a 
smooth curve. 

The main difficulty is the existence of the obstructions for the defor- 
mation, which was absent in the non-superabundant case. In Section 
El we calculate these obstructions for genus one case (Proposition UTj). 
The description of superabundant curves (Theorem [501) turns out to be 
very well fitted to this calculation. 

Based on this calculation, we obtain the necessary and sufficient con- 
dition for a genus one superabundant tropical curve (F, h) under which 
there is a pre-log curve associated to (F, h) which allows a deforma- 
tion (Theorems [ISl [521). The result turns out to be the (extension of) 
well-spacedness condition introduced by D.Speyer [12] . 

However, these 'existence' theorems are not enough for the 'cor- 
respondence' theorem. In particular, we cannot deduce enumerative 
correspondences between tropical and holomorphic curves from these 
existence theorems. In Section [6l we develop correspondences between 
moduli spaces of tropical and holomorphic curves. We study the 'mi- 
croscopic' role of the tropical curves (Remark [60]) . which determines 
the moduli of the pre-log curves (contrary to the 'macroscopic' role of 
them which determines the toric degeneration). 
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Another important point is that we need to consider tropical curves 
which need not be immersions. The detailed study of this type of 
tropical curves begins with Subsection 15.21 

Then we define the Kuranishi map (Definition [S^ . whose zero set is 
the moduli space of pre-log curves which allow deformations. In genus 
one case, we can study the zero set of the Kuranishi map in detail, 
and based on this, we prove the correspondence between moduli spaces 
(Theorems 1621 [63]) . and the enumerative correspondence theorem (The- 
orem [71]) follows clS db corollary. 

In Section [TJ we study the superabundant tropical curves of higher 
genus. We can define the Kuranishi map also in these general cases, 
but the study of the zero set of it in general situation becomes difficult. 
However, in some cases, for example in low genus cases or in the cases 
where the tropical curve has only one connected component of loops 
(Definition [12]), one can still study the Kuranishi map. We give several 
examples of these cases. 

It is possible to extend the results of this paper to several directions. 
In [7], we developed an algebraic method to deal with stable discs in 
toric varieties whose boundary is mapped to torus fibers of the mo- 
ment map. Combining it with the method of this paper, it is possible 
to study general bordered Riemannian surfaces in toric varieties whose 
boundary components are mapped to torus fibers. In [10], the technic 
of toric degeneration is applied to calculate superpotentials of torus 
fibers of Gelfand-Cetlin integrable systems on fiag varieties of type A. 
The same technic, as well as the method in [7] was applied in [H], to 
study other types of toric degeneration, including x and cubic 
surfaces. Also, in [S], we developed a method to study Gromov-Witten 
type invariants of genus zero of some Fano manifolds by tropical geom- 
etry. Using the method of this paper, all these considerations for disks 
or genus zero curves can be extended to the study of general bordered 
Riemannian surfaces. 

Assumptions made in this paper. In this paper, there are three 
assumptions made. Assumption A (Subsection 12. II) . B (Section [3]), and 
C (Subsection 16.11) . The relation between them is 

Assumption A < Assumption C < Assumption B, 

where P < Q means P is a weaker assumption than Q. In fact, almost 
all of the arguments can be extended to Assumption A. However, tropi- 
cal curves satisfying only Assumption A can have arbitrary complexity 
in the non-loop part, and this makes it difficult to describe the state- 
ments of the theorems and their proofs in a uniform way. So the actual 
arguments will be given under moderately stronger assumptions. The 
strength of the assumptions is determined by the degrees of generality 
under which the enumerative results can be proved. 
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The strongest Assumption B is adopted only in Section [31 where we 
consider non-superabundant tropical curves. In Section m the argu- 
ment is given again under Assumption B, however, it is easy to see 
that the result applies to all the cases satisfying Assumption A, since 
the non-loop part plays little role in this section (see Remark [26]) . From 
Section [5] to Section [3, we work mostly under Assumption C, which is 
enough for the genus one enumerative result. Most of the arguments 
there can be extended to the curves satisfying only Assumption A, 
however, for the enumeration problems in higher genus cases, we have 
to work under even weaker conditions than Assumption A (see Remark 
[331 Example [SDl) . So we leave these extensions to future study. 

Acknowledgments. Needless to say, I was inspired by D.Speyer's 
paper |[12j. My study of tropical geometry began from the joint work 
[9] with B.Siebert, and many ideas from it appear in this paper, too. 
It is a great pleasure for me to express my gratitude to him. I am 
supported by Grant-in- Aid for Young Scientists (No. 19740034). 



In this section, we recall and define some notations and notions which 
are used in this paper. 

2.1. Tropical curves. First we recall some definitions about tropical 
curves, see [H [5] for more information. Let F be a weighted, connected 

finite graph. Its sets of vertices and edges are denoted F , F , and 
Wp : f'^^ —7- N\{0} is the weight function. An edge E G f'^^ has adjacent 
vertices dE = {Vi, V2}. Let F^ C F be the set of one-valent vertices. 
We write F = F \ f|^. Noncompact edges of F are called unbounded 
edges. Let f[^ be the set of unbounded edges. Let F[°l,F[^],wr be the 
sets of vertices and edges of F and the weight function of F (induced 
from Wp in an obvious way), respectively. Let be a free abelian group 
of rank n>2 and = N (g)^ M. 

Definition 3 (j4l Definition 2.2]). A parametrized tropical curve in Ajr 
is a proper map /i : F — )■ Nj^ satisfying the following conditions. 

(i) For every edge, E gT the restriction /ij^ is an embedding with 
the image h{E) contained in an affine line with rational slope, 
or h{E) is a point. 

(ii) For every vertex V E T^^\ h{V) E Nq and the following bal- 
ancing condition holds. Let Ei, . . . , Em E F^^l be the edges 
adjacent to V and let Ui E N he the primitive integral vector 
emanating from h{V) in the direction of h{Ei). Then 
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Remark 4. In [5], is assumed to be an embedding (see [HI Defini- 
tion 1.1]) for every edge E. The reason that we take the above definition 
is that those cases appear naturally when we consider superabundant 
tropical curves. See Assumption A and the paragraph before it. 

An isomorphism of parametrized tropical curves /i : F — t- Nt^ and 
/i' : r' — )■ A'k is a homeomorphism $ : F — )■ F' respecting the weights 
such that h = h' o ^. 

Definition 5. A tropical curve is an isomorphism class of parametrized 
tropical curves. A tropical curve is trivalent if F is a trivalent graph. 
The genus of a tropical curve is the first Betti number of F. The set of 
flags of F is 

FT = {{V,E)\V G dE}. 

By (i) of Definition [31 we have a map u : FT — )■ sending a fiag 
(V, E) to the primitive integral vector U(v,e) £ A^ emanating from h{V) 
in the direction of h{E). 

Definition 6. The (unmarked) combinatorial type of a tropical curve 
(F, h) is the graph F together with the map u : FT — > A^. We write 
this by the pair (F, u). 

Definition 7. For / G N, an I -marked tropical curve is a tropical curve 
(F, h) together with a choice of / edges E = (Ei, . . . , E^) C (Fl^l)'. We 
write the /-marked tropical curves as (F,E, /i). The elements of {Ei\ 
need not be pairwise distinct. For an /-marked tropical curve, we define 
the (marked) combinatorial type by the data of the marking E of the 
graph F together with the (unmarked) combinatorial type (F,m). 

Definition 8. The degree of a type (F, u) is a function A : A^\{0} — ?■ N 
with finite support defined by 

^{T,u){v) := mV,E) G FT\E G T^^ME)ui^v,E) = v} 

Let e = |A| = X]t)6Ar\{o} ^(^)- This is the same as the number of 
unbounded edges of F (not necessarily of h{T)). 

Proposition 9 ([41 Proposition 2.13]). The moduli space of trivalent 
tropical curves of given combinatorial type is, if it is non-empty, an 
open convex polyhedral domain in a real affine k-dimensional space, 
where k > e -\- {n — — g) . □ 

Definition 10 ([H Definition 2.22]). A trivalent tropical curve is called 
superabundant if the moduli space is of dimension larger than e + (n — 

m-g)- 

Definition 11. We call a tropical curve {T,h) immersive if h is an 
immersion and if V E T^^\ then h~^(h{V)) = {V}. 
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In the case of genus zero ([!]), or more generally, in the non-superabundant 
case, one can see that if (F, h) is a tropical curve which satisfies a 
generic constraint A = {Ai, . . . , Ai) of codimension d = {di, . . . ,di) 
(see Pi Definition 2.3], or Subsection 16.31 of this paper) with |d| = 
di = [n — 3)(1 — g) + e, then h is an immersion (embedding if n is 
greater than two). In particular: 

• The image h{r) is also a trivalent graph when n > 3. 

• No edge of T is contracted. 

• The weights of the corresponding edges of F and h{r) are the 
same. 

However, in the superabundant case, the situation that h contracts 
some of the edges of F naturally appears, and consequently, the image 
curve h{r) may have vertices of higher valence (> 3), and some of the 
edges of F may have the same image. On the other hand, we do not 
need to allow all kind of h for the enumerative results (see Remark 
[33]). In this paper, we assume that a tropical curve (F, h) satisfies the 
following Assumption A. 

To state Assumption A, we prepare some terminologies. Let F be a 
finite graph as above. 

Definition 12. (i) An edge E G F^^l is said to be a part of a loop of 
F if the graph given by T \ E° has lower first Betti number than 
F. Here E° is the interior of E (that is, E° = E\dE). 

(ii) The loops of F is the subgraph of F composed by the union of 
parts of a loop of F. 

(iii) A bouquet o/F is a connected component of the loops of F. If the 
first Betti number of a bouquet is one, it is called a loop. 

In particular, a bouquet or a loop does not contain unbounded edges. 
Now we state Assumption A. 

Assumption A. 

(i) The abstract graph F is always trivalent. So (F, h) is always a 
trivalent tropical curve in the above terminology, although the 
image h{T) may not be trivalent. 

(ii) The map h may contract some of the bounded edges of F. How- 
ever, a contracted edge does not have an intersection with the 
loops of F (including the ends of the edge). 

(iii) Some of the vertices of F may have the same image in h{T). As- 
sume p,q ^ F^*^! have the same image in h{T). Then p and q are 
connected by a path of edges in F which are contracted by h. 

(iv) When n > 3 (in particular, when (F, /i) is superabundant), if 
E e Ft^l is not contracted by h, then h{E°) n h(r \ E°) is an 
empty set. 

Under this assumption, one easily deduces the following properties. 
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Lemma 13. Under Assumption A, the following properties of (F, h) 
hold. 

(i) If V E r'^l is a vertex contained in the loops ofV, then the image 
h{v) is also trivalent. 

(a) Let Ei,E2 be edges of T which are not contracted. Assume the 
relation h{Ei) C h{E2) holds. Then Ei and E2 are unbounded 
edges ofT, and h{Ei) = h{E2). □ 

In order to distinguish the valence and the weights between T and 
h{r), we introduce the following definitions. 

Definition 14. We assume n > 3 and Assumption A. 

(i) A vertex of h{r) is the image of some vertex of F. 

(ii) Let QJ G h{T) be a vertex and let Vi, . . . , K G be all the ver- 
tices of F whose image is 2J. The valence of QJ, fa/(5J) is defined 
as follows. Namely, by Assumption A, Vi, . . . ,Vs are connected 
by edges of F which are contracted by h. Contracting these edges 
in F produces a graph with a vertex W which is the image of 
Vi, . . . ,Vs under this contraction. Then, 

f a/(2J) = valence of W. 

This equals s + 2 because F is trivalent. 

(iii) Let (£ e h{T) be an edge. Let Ei,...,Es G F^ be the edges 
of F such that h{Ei) = (B (in particular, we assume the edges 
El, . . . ,Es are not contracted by h). Then the weight of (£, w{(B), 
is the (unordered) set of positive integers {wi, . . . ,Ws}, here Wi 
is the weight of Ei in F. The sum Ws{^) = ^^=1 Wi is called the 
total additive weight of (£. The product Wm{^) = Y[i=i ^« called 
the total weight of <E. 

Definition 15. Let /^(F)!^] be the set of the edges of h{T) and h{T\^) 
be the set of the unbounded edges of h(T). The total inner weight 
w(T, h) of a tropical curve (F, h) is the product 

(£e/i(r)m\/i(r™) 

Note that this is not equal to the total inner weight defined in P, 
Section 1]. Namely, in the definition here, the weights of the contracted 
edges do not contribute to the total inner weight. In [9], we could 
assume that all the tropical curves were immersive, so this point did 
not appear. 

Definition 16. For an Z-marked tropical curve (F,E, /;,), the total 
marked weight is the product 

I 

1=1 
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Note that in the second factor, the weight is taken in the abstract 
graph r, not in the image h{r). 

2.2. Toric varieties associated to tropical curves and pre-log 
curves on them. 

Definition 17. A toric variety X defined by a fan S is called to be 
associated to a tropical curve (F, h) if the set of the rays of S contains 
the set of the rays spanned by the vectors in which are contained in 
the support of the degree map A : N \ {0} — )■ N of (F, h). 

If (E is an unbounded edge of h{r), there is an obvious unique divisor 
of X corresponding to it. We write it as and call it the divisor 
associated to the edge 

Given a tropical curve (F, h) in N^, we can construct a polyhedral 
decomposition ^ of Ak such that h{r) is contained in the 1-skeleton of 
^ ([9l Proposition 3.9]). Given such we construct a degenerating 
family X — >■ C of a toric variety X associated to (T,h) ([HI Section 3]). 
We call such a family a degeneration of X defined respecting (F, h). Let 
Xq be the central fiber. It is a union Xq = U^^^[o]X^ of toric varieties 
intersecting along toric strata. Here ^^'^^ is the set of the vertices of 

Definition 18 (P Definition 4.1]). Let X be a toric variety. A holo- 
morphic curve C C X is torically transverse if it is disjoint from all 
toric strata of codimension greater than one. A stable map : C — )■ X 
is torically transverse if (j)~^{intX) C C is dense and 0(C) C X is a 
torically transverse curve. Here intX is the complement of the union 
of toric divisors. 

Definition 19. Let Co be a prestable curve. A pre-log curve on Xq is 
a stable map ipo : Cq ^ Xq with the following properties. 

(i) For any v, the restriction C Xx^ X„ — )■ Xy is a torically trans- 
verse stable map. 

(ii) Let P G Co be a point which maps to the singular locus of 
Xq. Then C has a node at P, and (pQ maps the two branches 
{C'q,P), {Cq,P) of Co at P to different irreducible components 
Xjj/,Xyn C Xq. Moreover, if w' is the intersection index of the 
restriction {Cq,P) — )■ {Xyi,D') with the toric divisor D' C X^i, 
and w" accordingly for (Cg , P) — )■ {Xyi',D"), then w' = w" . 

Let X be a toric variety and D be the union of toric divisors. In P, 
Definition 5.2], a non-constant torically transverse map : — > X is 
called a line if tj0~^(D) < 3. Because we consider more general tropical 
curves, we have to extend this notion. 

Let F be a tree and h : T ^ be a tropical curve. Assume h{T) 
has only one vertex. Let €i, . . . , be the edges of h{T). Let X be a 
toric variety associated to (F, h). 
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Definition 20. A non-constant torically transverse map : P-*^ — X 
is called of type (F, h) (or, if 03 G h(T) is the unique vertex, we may 
call of type 23 when no confusion will occur) if satisfies the following 
properties. 

(i) Let (£j be an edge of h{T) and let w{(Bi) = {wi^i, . . . , Wj,™^} be the 
weight of €j. Then 0(P^) intersects Di^- at different points. 

(ii) Their intersection multiplicity is given by {wij}j=i^,„^mi (we do 
not specify the order). 

Under Assumption A, if 03 is a part of a larger tropical curve (F', h'), 
then rrii > 1 occurs only if (Bi is an unbounded edge. 

Let (F, h) be a tropical curve satisfying Assumption A. Let X be a 
toric variety associated to (F, h) and ^ — >■ C be a degeneration of X 
defined respecting (F, h). Let Xq be the central fiber. 

Definition 21. Let us assume n > 3. A pre-log curve ipo : Cq ^ Xq 
is called of type {T,h) if for any 03 G /;,(F['^1) C the restriction 

Co Xf}j — X^j is a rational curve of type 03. 

Remark 22. // (F, h) is immersive, then a pre-log curve of type (F, h) 
is just the maximally degenerate curve of [HI Definition 5.6]. 

Definition 23. A tropical curve (F, h) satisfying Assumption A is 
smoothable if the following holds: There is a pre-log curve (po : Cq ^ Xq 
of type (F, h) with the following property. Namely, there exists a family 
of stable maps over a pointed curve {D,xo) 

$ : €/D X/D 

such that (t/D is a fiat family of pre-stable curves whose fiber over 
Xo is isomorphic to Co, and the restriction of $ to xq is a stable map 
equivalent to ipo. We also call such a pre-log curve smoothable. 

Remark 24. The smoothability of a tropical curve does not depend on 
the choice of a toric variety X associated to it or a degeneration of X 
defined respecting the tropical curve. 

See [9l Section 5], for more information about lines and maximally 
degenerate pre-log curves. Given an immersive trivalent tropical curve, 
we can construct maximally degenerate pre-log curves ([HI Proposition 
5.7]), and vice versa ([9l Construction 4.4]). The arguments there ex- 
tend to not necessarily immersive trivalent tropical curves and pre-log 
curves of type (F, /i), if (T,h) satisfies Assumption A. We give some 
details for the cases relevant to the enumeration problem in Subsection 



The smoothings of the maximally degenerate curves or pre-log curves 
of type (F, h) are given by log-smooth deformation theory [2], [3]. For 
informations about log structures relevant to our situation, see [H Sec- 
tion 7]. We do not repeat it here, because nothing new about log 
structures is required here, other than those given in [9]. 
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3. Proof of non-superabundant correspondence theorem 
The purpose of this section is to give a proof of Theorem 1. 

Assumption B. In this section, we assume that if (F, h) is a tropical 
curve, then h is an immersion (an embedding when n > 3), because this 
suffices for the (generic) enumeration problem for non-superabundant 
tropical curves (see the paragraph before Definition [T2i) . 

Let ipo : Co ^ Xq be a maximally degenerate pre-log curve of type 
(r, /i), a given trivalent non-superabundant tropical curve as in the 
previous section. We can give it log-structures as in [HI Proposition 7.1]. 
We assume that a lift (fik-i '■ Ck-i/Ok^i -^■ X of y^o is constructed. Here 
Ojfc_i = C[e]/e''. Then as in the proof of [HI Lemma 7.2], an extension 
Ck/Ok of Ck~i/Ok-i exists and such extensions are parametrized by 
the space of extensions of appropriate sheaves. 

But the problem of lifting the map (fk-i '■ C*fc-i — )■ X to is differ- 
ent from |9], due to the existence of obstructions. The obstruction is 
given by the cohomology class H^{Ck-i,ipl^iQx/c)y here Qx/c is the 
logarithmic tangent bundle relative to the base, and we will study this 
group in the following subsections. 

3.L Two dimensional case. We begin, as a warm-up, with the two 
dimensional case which is easier and illustrates the problem to solve. 
Also, it will give a simple algebraic geometric proof of a part of Mikhalkin's 
correspondence theorem ([H Theorem 1]). 

The problem is the smoothing of maximally degenerate pre-log curves 
in the central fiber Xq to a family of curves in X. 

The sheaf (pl^iQx/c fits in the exact sequence 

(2) ^ ec,_,/o,.i ^ ^l-iQx/c ^ ^*k-iQx/c/ec,.,/o,^, ^ 0. 

Now Qx/c — N ®i Ox and the logarithmic tangent bundle Qcfc_i/Ofe_i 
has degree 2 — 2g — e, where e is the number of unbounded edges of 
the tropical curve from which we construct the pre-log curve (so that 
Ck-i has e marked points aside from the nodes). So the logarithmic 
normal bundle fl-i^x/c/^Ck-i/Ok-i h^s degree 2g + e — 2. Then by 
Serre duality for nodal curves, one can easily prove 

H\Ck-i,v^Uex/c/ec,^,/o,.,) = o 

(this is the point where the assumption that X is of two dimension 
simplifies the argument). 
So we have the surjection 

However, H^{Ck-i, ^Ck-i/Ok-i) is just the tangent space of the moduli 
space of deformations of Ck-i, so the obstruction classes in H^{Ck-i, fl-i^ 
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can be cancelled when we deform the moduli of the domain of the sta- 
ble maps. Thus, we can lift i^k-i to ipk also in this situation. Once 
the existence of a lift of the map is shown, the remainder of the proof 
of [0] applies verbatim, so this (and the results concerning weights and 
incidence conditions as Propositions 5.7, 7.1 and 7.3 of |9]) gives an- 
other proof of Mikhalkin's correspondence theorem for plane closed 
curves. □ 



The principle of the proof is the same for general higher dimensional 
cases, in so far as the curve is non- superabundant. Namely, we can 
show that the obstruction classes H^{Ck.(pl_iQx/c) come only from the 
moduli of the curve itself. We will show this in the next subsection, 
which gives the proof of Theorem 1. 

3.2. General non-superabundant cases. Let us consider the case 
when the rank of is not less than three. We use the same notations 
as in the previous subsection. As before, we assume that a (/c — l)-th 
lift (fk-i of ifo has been constructed. The obstruction to lift (fk-i to 
a k-th deformation is H^{Ck-i,(pl_iQx/c) as we noted. Consider the 
exact sequence (2) of Subsection 3.1 and the associated cohomology 
exact sequence. We have 

The logarithmic tangent bundle Qck^i/Ok-i is, when it is restricted to 
each component of Ck-i, isomorphic to Ock_^{—l)- So 

i/°(Cfc_i,ec,_,/o._J = o. 

We have ^l.^Qx/c = Oc,_, ®z N. So 

H\Ck-u ^l-iQx/c) = C[t]/t' ®z N. 

The cohomology group H^{Ck-i, ^Ck-i/Ok-i) is the tangent space of 
the moduli space of the curve Ck-i itself. By Serre duality for nodal 
curves, the space H^{Ck-i, Qck-i/Ok^i) is isomorphic to the dual of the 
space H^{Ck-i,oJCk-i ® ©Cfe i/Ok i)' Here oJCk-i is the dualizing sheaf, 
which is isomorphic to the sheaf of 1-forms with logarithmic poles at 
nodes. So when a component ii of Ck-i has s nodes. 

To give a section of H'^{Ck-i,ooCk_i ® ©^fe i/Ok J' value of the 
section on each component must coincide at the nodes. Now the rank 
(over C[t]/t^) of H^{Ck-i,uJCk-i ® ©Cfe i/Ok J easily calculated 

as follows. 

Consider the dual graph of Ck-i- Every vertex is trivalent (this 
is just the graph F since by Assumption B, h is an embedding when 
rank N = n > 3). 
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We first give every vertex three dimensional vector space C^, corre- 
sponding to 3 = dimif°(P^, 0{2)), and consider the space 

Then every unbounded edge (which does not contribute to s) as well as 
inner (in other words, bounded) edge imposes one dimensional linear 
conditions to the space Ilj^GrM This is because an unbounded edge 
imposes zero of the section at the corresponding marked point, and a 
bounded edge imposes the matching of the values of the section at the 
node corresponding to the edge. 

The resulting vector space has dimension 

3v - etot, 

here v is the number of the vertices and Ctot is the number of the edges. 
We write 

here e is the number of the unbounded edges and Cmn is the number of 
the bounded edges. 

By Euler's equality, we have 

On the other hand, since the graph is trivalent, 

(^tot 3f dinn- 

From these equalities, we have 

3w - etot = e + 3g -3. 

So 

dimH\Ck^^, ec;,_,/o,_J = e + 3^7 - 3. 
Now consider H^{Ck-i,(pl_iQx/c)- As above, 

H\Ck-i,'fUex/c) - H\Ck-i.uc,_,®N'^). 

In this case, if a component of Ck~i has s nodes, then the restriction 
of oJCk-i ® will be isomorphic to 0£,(-2 + s) (g) A^^. 

The next is the key to this section. The proof is important as well, 
because it plays a central role in the description of the superabundant 
curves in the next section. 

Proposition 25. (^\m.H^{Ck-l,'f|*k^lQx/<c) =""^9- 

Proof. By Serre duality, it suffices to show (\\mH^{Ck-i,(jJCk-i) — 9- 
Note that a trivalent tropical curve corresponds to a smooth rational 
curve with three marked points. 

Let z be an affine coordinate of C C and let a, b and c be distinct 
points on P^. Assume for simplicity that none of a, b, c is oo. Let a; be a 
sheaf of holomorphic 1-forms allowing logarithmic poles at a, b, c. Then 
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the space of sections r(co') is a two dimensional vector space spanned 
by 

dz dz 



cr = -, r-, 7T, r 



Taking 



[z — a){z — b)' {z — a){z — c) 

dz dz dz 



z — a z — b z — c 
as frames of u at a, b, c respectively, the section a takes values 

' ' -.0 



a — b' b — a 

respectively at a, b, c. Similarly, r takes values 

1 1 

.0, 



a — c c — a 

respectively at a,b,c. In other words, the space of sections T{lo) is 
identified with the subspace of = {(fa, Vb, Vc) \ Va, Vb, Vc £ ^} defined 

by 

Va + Vb + Vc = 0. 

Using this convention, we reduce the problem to a combinatorial one. 
Consider a vertex v of the corresponding tropical curve F and let s be 
the number of bounded edges emanating from it as above. 

(1) When s = 1, then the space of sections of Oi.{—2 + s) is trivial, 
and we give the value to all the edges emanating from v. 

(2) When s = 2, then we give to the unbounded edge and give 
values ±a G C to the remaining two edges, respectively. 

(3) When s = 3, we give values a, b, c satisfying a + b + c = Oto the 
edges. 

Thus, we give a number to each flag of F. We say that a numbering is 
compatible when the sum of the values of the two flags associated to a 
bounded edge is zero, reflecting the relation of the frames 

dzi ^ d,Z2 _ ^ 

Zl Z2 

at a node, here zi, Z2 are coordinates of the two branches at the node. 

Then dimH^{Ck-i,u}c,,_i) is the number of linearly independent 
compatible numberings. So our task is reduced to the calculation of 
the number of linearly independent compatible numberings. 

Now we prove the proposition by induction on g. When g = 0, there 
is necessarily a component for which s = 1 and so we give the value 
to the unique bounded edge. We do this for all the vertices with 
s = 1. Then remove all the vertices with s = 1 and the unbounded 
edges emanating from them. Now we have another tree and so again 
there are vertices of s = 1. Two of the edges emanating from any of 
them have the value 0, and so the value of the last edge must be by 
the rule. By induction, we have dimH^^Ck-i.uCk-i) = in this case. 



14 



TAKEO NISHINOU 



Now assume that we proved dimif°(Cfc_i, uJCk-i) = 9 ioi g < go — 1, 
with go > 1. Consider a tropical curve (F, h) of genus go- Since h is an 
embedding by Assumption B, we identify F and the image h{r). 

Let E be an edge which is a part of the loops of F. Cutting E at the 
middle and extending both ends to infinity, we obtain a curve F' with 
genus 5^0-1- 



By induction hypothesis, there is (70 ~ 1 dimensional freedom to give 
numbers to the flags of F' compatibly. Let v,v' be the vertices of E 
and choose one of the cycles of F which contains E. Because v,v' has 
at most s = 2 in F', the numbering around v,v' looks like Figure [H 
Here c, d, /, g, h, i,j G C, and when s = 1 at i; or v', then c? or c must 
be 0, respectively. 

Now let us return to F. First let us give a value to the flags {v, vv') 
and {v', v'v) and give the same values ±c, ±d, etc. as F' to the remaining 
flags of F. This is a compatible numbering of F. Then give an arbitrary 
value b to the flag {v, vv'), and add values —b, b, —b, ■ ■ ■ successively to 
the adjacent flags of the cycle. 

These again give compatible numberings of F, which have one more 
freedom given by the the value of b, compared to the numberings of F'. 
So we have 



Conversely, assume dimH^{Ck-i,ujCk-i) ^ + 1. Let {f^} be the 
set of flags of F and S = ^ K(/fc) be the linear space of real functions 
on this set. We write elements of S by ^ak{fk), o,k G Note that 
the space T of compatible numberings is a linear subspace of S. By 
assumption, this subspace has dimension not less than go + 1. Choose 
any flag / = fo = {vo,Eo) which is a part of some cycle of F. The 




r 



Figure 1. 



dimH^{Ck^^,uc,_J>go. 
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hyperplane ag = cuts T so that the intersection U is a. hnear sub- 
space of dimension not less than qq. Now cut the edge Eq at the middle 
point, and extend both of the ends to infinity (as in Figured]). Then 
we obtain a trivalent graph V of genus Qq — 1. It is easy to see that 
each element of U gives a compatible numbering of V . On the other 
hand, by induction hypothesis, the dimension of the space of compati- 
ble numberings of V is equal to — 1. This is a contradiction. So we 
have d\mH^{Ck~i,0JCf._i) < go- This proves the proposition. □ 

Proof of Theorem 1. Let the dimension of H^{Ck-i, '^l-i^^/c/'^Ck-i/Ok-i) 
be di and the dimension of H^{Ck-i, fl_iQx/c/^Ck-i/Ok..i) be d2. As 
in [H], (ii is the same as the dimension of the moduli space of the cor- 
responding tropical curve. By the long exact sequence, we have 

di — d2 = n + (3(7 — 3 + e) — ng, 

which is just the expected dimension of the moduli space of the corre- 
sponding tropical curve. So the tropical curve is non-superabundant if 
and only if ^2 = 0. In this case, the obstruction H^{Ck~i, V?fc_i0x/c) is 
cancelled by the freedom of the moduli of the curve H^{Ck-i, ^Ct-i/Ok-i)- 
So we can lift (fk-i to ipk- Having the existence of such a lift, we can 
apply the proof of [9] verbatim to show that the corresponding pre- 
log curves actually deform into smooth curves, and that the tropical 
curves and corresponding holomorphic curves have the same dimen- 
sional moduli space. This proves Theorem 1. □ 

4. Combinatorial description of the dual space of 

obstructions 

Applying the same type of combinatorics introduced in the proof of 
Proposition [251 we can analyze H^{Ck-i, fl-i^x/c/^Ct-i/Ok^i)- we 
saw, if H^{Ck-i, '^l-i^x/c/^Ck^i/Ok-i) vanishes, we know that the pre- 
log curves corresponding to the tropical curve can be smoothed. In this 
section, we give an effective method to calculate H^{Ck-i, '^l^i^x/c/^Ck^i/Ok-i) 
when it does not vanish (Theorem 1301) . 

Remark 26. In this section, we again perform the calculation assum- 
ing (r, h) is immersive for notational simplicity. However, the result in 
this section is straightforwardly extended to the case when (F, h) sat- 
isfies Assumption A, because essentially only a neighbourhood of the 
loops of F affects the calculation, and Assumption A assures that h is 
immersive around the loops. 

In particular, we identify the graph F and its image h{r). 

By Serre duality, we have 
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Recall 6cfe_i/Ofc„i — ^^'^ '^c — 0{—2 + s) on each irreducible 

component of Ck-i, here s is the number of nodes of the component. 
From this, it is easy to see that when s = 1, 

r(((pLiex/c/ec,_,/o._ ® a;c) = o 

when restricted to that component. 
When s = 2, we have 

r((¥^Liex/c/ec,.,/o..„J^ ® cue) = ni^uex/c/ec,.,/o,.y) 

on the corresponding component. Note the following inclusion: 

Let £ be a component of Ck-i and let v be the vertex of the tropical 
curve corresponding to i. The edges emanating from v span the two di- 
mensional subspace of A'c. Then it is clear that ^{{fl^iQx/c/^Ck-i/Ok-i)'^) 
is given by the subspace V^-^ C A''^ tensored by C[t]/t^. Namely, under 
the convention as in the proof of Proposition [251 it is given by: 

(a) Give to the flag {v,Eq), where Eq is the unique unbounded 
edge emanating from v. 

(b) Give ±a, where a e V^-^, to the remaining flags associated to 

V. 

Let us consider the case s = 3. For simplicity, let us first assume 
n = 2. Let i and v as above. In this case, 

{¥^l-iQx/Ckjeck^y = o{ir = o{-i). 

So T{{ipl_,ex/c/<S)c,^,/Ok-^V ® ^c,.,) is isomorphic to C[t]/t*^ on i. 
On the other hand, 

-ivv®(c[t]/t^O(«^,r) 

on this component. Here a, r are base vectors of the space of holomor- 
phic 1-forms on allowing logarithmic poles at three marked points, 
which we used in the proof of Proposition |25l 
Let 

[la, lb), {mc,md), {—la — mc^—lh — md) 

be the slopes of the edges of the tropical curve F emanating from v. 
Here l,m E Ii^q are weights and {a,b),{c,d) are primitive integral 
vectors. Recall that these edges correspond to the intersections of the 
line in the toric surface (defined by the two dimensional fan given by 
the tropical curve with one vertex v) with the toric divisors (see [HI 
Definition 5.1]). We set an inhomogeneous coordinate z on the line so 
that {la,lb),{mc,md),{—la — mc,—lb — md) correspond to 0, 1 and oo, 
respectively. As in the proof of Proposition |25l we can take cr, r and 
local frames of the sheaf at the marked points so that a{0) = —a{oo) = 
l,a(l) = and r(0) = 0,r(l) = -r(cx)) = 1. 
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Lemma 27. Let Ui,U2 be the generators of (M ■ {a,b))-^, (M ■ {c,d))^ 
in such that ui{{c,d)) = U2{{a,b)) = 1. Then the space of sections 
r((v'fc_i0x/c/0Cfe_i/Ofc_J'' ®t^c;,_i) given by 

C[t]/t'' ■ {luia - mu2T) CNI® (C[t]/t'=)(a, r). 

Proof. The stalks of Qck-i/Ok-i 1; ^ ^ire spanned by (/a, lb), {mc, md), 
and (—/a — mc, —lb — md), respectively, considered as subsets of Nc (g) 
Ocfc_i- Sections of (v5fc_i6x/c/0Cfc_i/Ofe_i)^®wCfc_i) must an- 

nihilate these, and this condition determines the mentioned subspace 
in the statement. □ 



From this lemma, when we represent the sections in r(((y9^._]^6x/c/0Cfe_i/Ofc_i)^® 
oJCk^i) by a trivalent vertex with some values given to the flags as in the 
proof of Proposition [25], we are forced to give the values flui, —fmu2 
and /(— /mi + mu2) of A''^ (g) {C[t]/t^) to the edges corresponding to 0, 1 
and 00, respectively. Here / is an element of {C[t]/t^). 

From this, one sees that in the general case where n is not necessarily 
two, T{{ipl_^Qx/c/Qck-i/Ok-iy ® WCfe_i) is described as follows. 

Namely, fix an inhomogeneous coordinate z on the rational curve 
i with three marked points 0, 1, 00, and take sections a, r of 0{1) as 
above. Let Ei, E2 and E3 be the three edges of F emanating from the 
corresponding vertex w of F and let 101,102,103 be their weights. Let 
ni, 712,77-3 G be the primitive integral generators of these edges, and 
let Vi,V2,V3 C (iVc)^ be the subspaces which are the annihilators of 
C ■ Ui, C ■ and C ■ 773, respectively. Then, one sees the following. 

Lemma 28. The space H^{t, {^l^i^x/c/^Ck-i/Ok-iY ®^Ck-i) nat- 
urally identified with the subspace 

(3) {{C[t]/t''){wiv^a-W2V2T)\v^ e Vi,V2 e V2,v^{n2) = V2{n,) = 1}. 
of{Nc)''®C[t]/t\a,T). □ 
Note that elements in 

{{C[t]/t^){wivia - W2V2t)\vi e Vi,V2 e V2,vi{n2) = 7^2(^2) = 1} 

automatically annihilates M-773 at z = 00, noting 7i'3?7,3 = —Wini—W2n2- 

Also note that the sum of the values of a section of H^{(!., {'^X-i^^/'c/^Ck-i/Ok-iY ® 

wc.J at 0, 1, cx) is e (A^c)^ ® £[t\/t^. 

Using these results, we can combinatorially describe the space of 
obstructions. As in the proof of Proposition we give values to the 
flags of F and impose compatibility conditions to the bounded edges. 
But this time, the value is in A''^ ® C[t]/t^', not just a complex number. 
Let L = UjLj be the loops of F (Definition [T2|) . where Li are connected 
components. This is a closed subgraph of F. Let F^ = F \ L. A 
connected component of F^ is a tree. There are two types of these 
connected components, namely: 
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(U) The component contains only one flag whose vertex is contained 

in a loop. 
(B) Otherwise. 

By inductive argument, it is easy to see that all the flags in a compo- 
nent of type (f/) must have the value zero, including the unique flag 
whose vertex is contained in a loop. For the type (B) too, we have the 
following result. 

Lemma 29. All the flags of a component of type (B), including the 
flags whose vertices are contained in the loops, must have the value 
e N^^C[t]/tK 

Proof. Note that F can be written in the following form (Figure [2]). 




Figure 2. 

Here, each colored disk corresponds to some component Lj of the 
loops of F. By deflnition of {Li}, if we regard these disks as vertices, 
we obtain another tree F'. 

Recall the above remark that all the edges contained in the compo- 
nents of type (U) have the value zero. In the flgure above, this means 
that all the edges (outside the colored disks) except the ones labeled by 
a,b,c, . . . ,k have the value zero. We call the edges outside the colored 
disks as the bridges. 

Now, by the fact that F' is a tree, it is easy to see that there is a 
colored disk such that the bridges emanating from it have the value 
zero except one bridge. Let us call this bridge r and call the remaining 
bridges as ai, . . . , a^. By the condition that the sum of the values of 
the three edges emanating from each vertex (of original F) is zero, we 
see that the sum of the values attached to ai, . . . ,as,r is zero. Since 
ai, . . . , have value zero, it follows that r has also the value zero. By 
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induction on the number of colored disks, we see that all the bridges, 
and so all the edges of the components of type (B) also have the value 
zero. □ 



According to this lemma, we only need to consider the flags contained 
in some bouquet (i.e., a connected component of L). Let Li be a 
bouquet. This is a graph with bivalent and trivalent vertices. Every 
trivalent vertex v of Li determines a two dimensional subspace of Nq 
spanned by the edges emanating from it. We write it by as before. 
Also, every edge E of Lj determines a one dimensional subspace of N^. 

Let us describe the space H = if"^(Cfe_i, 0^„]^9x/c/0Cfe_i/Ofc_i)^- 
Let {vi} be the set of trivalent vertices of L. Cutting L at each Vi, we 
obtain a set of piecewise linear segments {Im}- Let Um be the linear 
subspace of spanned by the direction vectors of the segments of Im- 
The following theorem follows from the argument so far. As we noted 
in Remark [221 we state this for tropical curves satisfying Assumption 
A, which are not necessarily immersive. 

Theorem 30. Let {T,h) be a tropical curve satisfying Assumption A. 
Elements of the space H are described by the following procedure. 
(I) Give the value zero to all the flags not contained in L. 
(II) Give a value u.,n m {Urr,)^ ®€.[t]/t^ C {N^Y ®C[t]/t^ to each of 

the flags associated to the edges of Im- 
(III) The data {um} give an element of H if and only if the following 
conditions are satisfied. 

(a) At each vertex vofV, 

Ml + M2 + Ms = 

holds as an element of {NqY ® C[t]/t''. Here ui,U2, U3 are 
the data attached to the three flags in T which have v as the 
vertex. 

(b) The data {u^} is compatible on each edge oflm, in the sense 
that the sum of the values attached to the two flags of an edge 
of Im is zero. □ 

Remark 31. We see that it almost suffices to check the conditions only 
at the trivalent vertices of L. The conditions (I) and (III) (a) implies 
that at a divalent vertex of L, the values u,u' associated to the relevant 
two flags satisfy u + u' = 0. Together with the condition (III) (b), we 
see that on each Im, the values associated to the flags are unique up to 
sign. 

The following is immediate from this, because when the genus of F 
is one, there is no trivalent vertex in L. 

Corollary 32. When T is a tropical curve of genus one, then H = 
® C[t]/t'^, here U is the linear subspace of N-g_ spanned by the direc- 
tion vectors of the segments of the cycle ofT. □ 
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Remark 33. (i) If we do not assume Assumption A, more degener- 
ate situations appear. For example: 

• A loop ofT is mapped to a tree. 

• Some edges are contracted to a vertex in a loop. So a vertex 
of a loop of h{r) has higher valency. 

If h is not too much degenerate (e.g., contracts a loop to a ver- 
tex), one can extend Theorem to these cases by modifying the 
definition of Um above, 
(a) These degenerate cases occur in higher codimension in the sub- 
space of the space of smoothable tropical curves (Definition {2^, 
So these are irrelevant to the (generic) enumera- 



see Lemma 48 



tion of genus one curves Theorem [77| 
(Hi) For higher genus cases, there are a few problems which do not 
appear in the genus one case. 

• More degenerate case, including the case where some loops 
are contracted to a vertex may appear (see Example\5D\j . 

• There are cases that the space of smoothings of the pre-log 
curves corresponding to the tropical curve has strictly larger 
dimension than expected in an essential way (i.e., not by the 
reason that the tropical curve is contained in some subspace of 
N^. See Examples\7^\EW- these cases, although there is 
locally a correspondence of the moduli spaces between tropical 
and holomorphic curves, the relation of the counting numbers 
to Gromov- Witten type invariants is unclear. Also, it is not 
clear whether these counting numbers are invariant under the 
change of the incidence conditions. 



4.1. Example. Let us consider genus two immersive tropical curves 
Fi and r2 in given in Figure [31 




Figure 3. 

The curve Fi has six unbounded edges of directions 
:i,0,l), (1,0,-1), (-1,-1,1), (-1,-1,-1), (0,-1,1), (0,-1,-1) 
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The bounded edges are: 

• Three parallel vertical edges of direction (0, 0, 1). 

• Three pairs of parallel edges of directions 

(1,0,0), (-1,-1,0), (0,1,0), 

respectively. 

The curve r2 is a modification of Fi at the vertices a and h. Namely: 

(1) Delete the edge ah (as well as the neighboring unbounded edges). 

(2) Add a pair of parallel unbounded edges of direction (—1,0,0), 
and a pair of parallel bounded edges of direction (1, —1,0) of 
the same length. 

(3) Connect the end points c, d of the bounded edges added in (2) 
by a segment of direction (0, 0, 1). 

(4) Add unbounded edges of direction (1,-1,1), (1,-1,-1) at 
the vertices c, d, respectively. 

Using Theorem [5Ul it is easy to see that Fi is superabundant, while F2 is 
non-superabundant. Namely, the set of piecewise linear segments {/„,} 
of these tropical curves are given by the following three components, 
respectively (Figure Hj). 




I'l 



Figure 4. 

We write the corresponding linear subspaces of = by Ui^ , Ui^ , 
etc.. Then, using standard metric on to identify it with its dual, 

(f/;J^^M- (1,0,0), (f/,J^^M- (0,1,0), (t/;3)^^M- (1,1,0). 

Then it is easy to see that the space H for Fi is a one dimensional 
vector space. Thus, Fi is superabundant. 

On the other hand, since Ui'^ = M.^, (f^rj"*" = {0}. From this, it 
is easy to see that the space H for F2 is {0}. Therefore, F2 is non- 
superabundant. 

5. Correspondence theorem for superabundant curves I: 
Existence of smoothings for genus one curves 

Having described the (dual) space H of obstructions, we want to find 
a condition under which they vanish. We know that the deformation 
of tropical curve is governed by H^{Cq, ^X-i^^/c/^Co/Oo)^ and there is 
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no need to consider obstruction. However, we also know that the corre- 
sponding complex curves (or pre-log curves) actually have obstructions 
for smoothing, and the smoothability cannot be determined just from 
the cohomology. We have to calculate the Kuranishi map, and this is 
what we do in the rest of the paper. 

In this section and the next, we treat the case of genus one, which is 
easier partly because there is no trivalent vertex in the loop L, so the 
condition (III) of Theorem [30] is vacuous. In this case, the Kuranishi 
map takes a simplified form (Proposition |55|) . 

Let (r, h) be a trivalent genus one superabundant tropical curve 
in = M". We assume that the direction vectors of the edges 
of r span MJ^ (otherwise, take an affine subspace of so that this 
condition is satisfied). Let (pQ : Cq ^ Xq be a generic pre-log curve 
corresponding to {T,h). We assume {T,h) is defined over Z. Let L 
be the loop of F. Let A be the minimal dimensional affine plane of 
which contains h{L), and let A be the subspace parallel to A. The 
subset A n h(T) of h{T) may have several connected components, and 
let h(r') be the unique component containing h{L). By Assumption A, 
one sees that F' is a connected subgraph of F (see Figure E])- Because 
(F, h) is superabundant, F' necessarily has one-valent vertices. Let 
{ai} be these vertices. If we remove {ai} from F' and extend the open 
edges to infinity, we have a tropical curve in the affine plane A which 
is non-superabundant, so there is no obstruction to the smoothing of 
the pre-log curve corresponding to it. So, the first possible obstructions 
appear when we try to extend the smoothing of the node corresponding 
to the edge of F' attached to some {ai}. 



5.1. The immersive case. In this subsection, we assume that h is 
immersive. So we identify F and the image h{r). In particular, all the 
vertices of h{r) is trivalent and the weight of each edge of h{r) is a 
single integer. 

Now, take one vertex a from {ai} and let E be the edge of F' attached 
to a. Note that there is a unique path from a to the loop L. Assume 
that the integral length of this path is the shortest among the one- 
valent vertices of F'. Let /3 be the other vertex of E, see Figure |5l 

Let t be the pull-back to X of the standard coordinate on the base 
space of the family X — C. Let p G Cq be the node corresponding to 
E. 

First, we consider the following basic case. Namely, we assume: 

(*) There is a basis of such that the edges emanating from (3 are 
spanned by the vectors 



(1,0,0,0,. ..,0), (0,1,0,0,. ..,0), (-1, -1,0,0,. ..,0), 
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Figure 5. The part drawn by bold lines is h{T') 

where the edge E is spanned by (1, 0, 0, 0, . . . , 0). Similarly, the edges 
emanating from a are spanned by the vectors 

(-1,0,0,0,. ..,0), (0,0,1,0,. ..,0), (1,0, -1,0,. ..,0). 

We also assume that all the edge weights are one. 

In this case, locally around the node p, we can take a coordinate 
system {x, y, z, wi, . . . , Wn-2} of X around (po{p) and coordinates S, T 
of the branches of Cq around p with the following properties. 

(i) Each of {x, y, z, wi, . . . , Wn-2} is a character of the big torus action 
on X. 

(ii) The equation xy = f holds, here r is the integral length of the 
edge E. Since Xq is given by {t = 0}, the equations x = 0, y = 
determine the irreducible components of Xq around v^o(p)- Let us 
write the reduced structure of the variety {y = 0} H Xq hj X^^a, 
which corresponds to the vertex a. Similarly, write Xq,/? for the 
component of Xq corresponding to the vertex /3. 

(iii) ^*q{x) = S, ^l{y) = T. 

(iv) Let la be the component of Cq corresponding to a. This is mapped 
to Xq^ol by v^o- The defining equations of the image are given by 

kx + lz + m = Q, y = 0, Wi = -^, W2 = a2, . . . ,Wn-2 = an-2- 

A 

Here k, I, m, ai are generic complex numbers (in particular, nonzero). 

(v) Similarly, if Ij^ is the component of Co corresponding to the vertex 
/3, the defining equations of the image are given by 

m 

+ AWi + /i = 0, X = 0, Z = J, W2 = a2, . . . ,Wn-2 = a'n-2- 

Here n, A,/i are generic complex numbers. 
Around fo{p), the log tangent bundle of X is spanned by 

xd^, ydy, zd^, wi^^^, . . . , w„_25^„_2- 
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xd^ - ydy - — ■ zd^ 



On the other hand, we have the identity 

ydx + xdy = rf~^dt. 

In particular, on Xq, ydx + xdy = 0. Moreover, on the image fo{^a), 
we have identities 

kdx + Idz = 0, dy = dwi = ■ ■ ■ = dwn-2 = 0. 

Similarly, on the image v9o(^^), 

ndy + Xdwi = 0, dx = dz = dw2 = ■ ■ ■ = dwn-2 = 0. 

From these, we see that, around (po{p), the fibers of the tangent bundle 
of v?o(^a) are spanned by the vector 

kx 

as a subbundle of Qx- Similarly, the tangent bundle of ^o{la U ^p) is 
spanned by 

xdnc - ydy - zd^ + ■ wA,. 
Iz Xwi 

We use these calculations to construct lifts of the curve 

V^o : C'o ^0 

to curves in Xt,t ^ 0, order by order with respect to t. Before doing 
so, we study what changes are needed when the assumption (*) at the 
beginning of this subsection is removed. 

5.1.1. The cases of general edge directions and weights. As long as 
(r, h) is immersive, the neighborhood of the edge E is obtained as a 
result of an integral affine transformation of the basic case considered 
in the assumption (*). 



(0, 0, 1) 



(-1, -1, 0) 



(0, 1, 0) 



a, 0, -1) 




Figure 6. 

For simplicity, we assume iV = Z'^. In Figure [6l an integral affine 
transformation L : N ^ N is uniquely determined by the following 
properties: 

• L is linear when a and a are regarded as origins. Let L be the 
linear transformation obtained in this way. 



CORRESPONDENCE THEOREMS 



25 



• L transforms the vector (0, 1, 0) to v, (0, 0, 1) to w and (—1, 0, 0) 
to the vector u spanning the edge E. 

Note that the vectors u, v and w (as well as f w') may not be primitive. 
They are multiples of primitive vectors by their edge weights. The 
integral length of the edge E is also some integer multiple of the integral 
length of the edge E' . 

Remark 34. m [9], when the weight of the edge is larger than one, 
we magnify h by some positive integer so that the integral length of the 
edge becomes an integer multiple of w. 

Let 

/l, /2, /s 

be the dual basis in N* of the basis (1, 0, 0), (0, 1, 0), (0, 0, 1) in N. 
The tropical curve V corresponds to a line in X' = P^. Consider a 
toric degeneration X' — )■ C of P'^ defined respecting V. As we argued 
above, there are components Xq^jXq^ of Xq, corresponding to the 
vertices a, b. Moreover, there are coordinate systems {x, w, z} of Xq ^ 
and {y, w, z} of Xg^ corresponding to the vectors /i, /2, /s, by which a 
generic pre-log curve corresponding to F' can be written in the above 
form (properties (iv) and (v) of the previous subsection). 
On the other hand, let 

91,92,93 

be the dual basis in Nq of the vectors u, v, w in N. One sees that the 
multiple of these vectors 

detL-^fi, det L ■ g2, det L ■ g^ 

belong to N*. 

The tropical curve F corresponds to a curve in a toric variety X = F 
given as a transformation of P^ by the map $l induced by L. Consider 
a toric degeneration X — ?■ C of P defined respecting F. As in the 
case of X', there are components Xo^a,Xo,i3 of the central fiber Xq 
corresponding to the vertices a, P of F. There are functions {X, W, Z} 
on Xo^a and {Y, W, Z} on Xo,/3 corresponding to the vectors det L ■ 
gi, det L ■ g2, det L ■ g^. Note that these functions may not be (parts 
of) coordinate systems, when detL 7^ ±1. 

In fact, a generic pre-log curve corresponding to F is given by a 
reduced structure on some component of the curve given by an equation 
in the form 

kX + lZ + miUi h m^f/c + mc+i = 0, W = ei, 

on Xo^a, where k,l,rni, . . . ,mc+i, Ci are generic complex numbers, and 
Ui, . . . ,Uc are functions on Xq^^ which are characters of the torus action 
(we do not need precise form of these equations). Similarly, on Xq^i^, a 
generic pre-log curve is a component of the curve written in the form 

KY + XW + iI^Vi + --- + jLaVd + iIa+i, Z = e2. 
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As noted above, the linear map L induces a map $l from P'^ to P, 
which is a branched covering map. Any generic curve of type F in P 
is obtained as the image of a hne in P'^ by In fact, there are det L 
different hues in P^ which maps to such a curve in P. 

It is easy to see that we can take the degeneration j£ so that this 
induces a map from X' to X over the base C. Moreover, any generic 
pre-log curve of type F in Xq is obtained as the images of pre-log curves 
of type F' in X'q by the induced morphism. In other words, a pre-log 
curve ifQ : Cq ^ Xq splits via a pre-log curve lp'q : Cq ^ Xq, so that 

Let 

kx + Iz + m = y = 0, 

and 

hiy + \w + /i = 0, X = 

be equations of the image of a pre-log curve of type F'. As calculated 
above, the tangent bundle of the image is spanned by the vector 

xdx - ydy - ^ ■ zdz + ^ ■ wdyj. 
Iz Xw 

The tangent bundle of a pre-log curve (po of type F is spanned by the 
push-forward of these vectors by $l. 

The functions X, Y, Z, W are pulled back by $l as follows: 

= x'^''*^, <l>l(Y) = <l>l{Z) = Z'^*^, <l>l{W) = w'^'^*^. 

Then, the push-forwards of the vectors xdx,ydy, zdz,wdw are: 
= detL-Xdx, {^L)*ydy = det L-Ydy, 
{(^L)*zd, = detL- Zdz, = det L-Wdw- 

So the tangent bundle of the image of ipo is spanned by 

Xdx -YdY-^-Zdz + ^- Wdw 

Iz AW 

Note that here we consider x, y, z, w, X, Y, Z, W as functions on Cq by 
the pull-back. So this expression makes sense as a section of the pull- 
back of Qx to Cq. 

Step 1. The zeroth order lift. By the zeroth order lift, we mean 
the sections of the log- normal sheaf Mco/x — ^q{Qx)/Qco- Since we 
consider smoothings over a base space, the sections should be evaluated 
to one by the covector y. In the following, we use the notation for the 
case the assumption (*) is satisfied, but this step requires no change 
for general cases, just replacing xdx by Xdx, etc.. 
Using the basis 



xdx, ydy, zd,, wid^^,...,Wn-2d.. 



Wn-2 ■ 
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of Qx above and the relation 

dx ^ dy rdt 
X y t ' 

such sections can be represented on by 

n = rxd^ + c(x9^ - ydy) + Cozd^, + CiWid^^ H h c„_2W„,-_2C^«,„_2 

(mod xd^ -ydy- !§■ zd^) 

(precisely speaking, the pull-back by ip^ of these sections). On the 
other hand, on they are represented by 

n' = rydy + c!{xd^ - ydy) + d^zd^, + d^wid^^ H h c^_2W^n.-2C?u,„_2 

(mod xd:^ ~y9y + ^ - widu,^). 

To define a section over U the coefficients must satisfy 

Q = C-, 2 = 0, 1, . . . ,n - 2 

(note that c and c' can be different). Any section on the whole Cq is 
obtained by repeating this gluing process. 

In the following, we see what happens when we try to extend these 
lifts to non-zero order in t. Note that the vanishing of the obstruction 
in the case of non-superabundant curves means that all these zeroth 
order lifts can be extended to smoothings of any order. Since the ob- 
struction exist only on the loop by Theorem [301 this also implies that 
we just have to care what happens at the loop when we extend the lifts. 

Step 2. The first order lift. Here we assume the assumption (*) for 
simplicity. Step 2 and Step 3 for general cases are dealt in Subsection 
I5.1.3[ We also assume that the integral length of the edge h{e) is one 
for a while. 

We extend the zeroth order lifts on ia U ^/3, and obtain a lift of 
V^ol^aU^,? to a stable map over C[t]/t^. Recall that around the fibers 
of the sheaf Ocol^^u^,?) a subsheaf of </9q(9x), is spanned by the pull- 
back of xdx — ydy — ■ zdz + ■ widw^- Note that around ffoip), 
the coordinates z and Wi are not zero, so this determines a section of 
fo{^x)\icUifi on an appropriate open subset of ia Uf/j. 

The image of one of the lifts of (poUaUi^, is given by 

kx+lz+m = 0, ny+Xwi+fi = 0, xy = t, W2 = a2, ■ ■ ■ ,Wn-2 = 
The tangent bundle of this is again spanned by 

(*) xdx -ydy-T" + ■ ^I'^^'i ' 
Lz AW I 

but this time this is defined over C[t]/t^. Over the ring C[t]/t, the 
term |j ■ zd^ is zero on the component However, over C[t]/t^, it is 
• zdz using xy = t. 
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Note that by definition of T', the span A of the direction vectors 
of the edges of T' does not contain the direction corresponding to zd^. 
This imphes that the vector zdz extends to the part of Cq corresponding 
to r' (we write it by Cr'), giving a trivial line bundle. 

Let us consider a lift of the affine curve = SpecC[S,T]/{ST), 

i'a} = SpecC[S,T,t]/{ST -t,t'). 

This is a subset of the domain of the lift of (foleaUifj mentioned above. 
The vector (*), when the functions x, y are pulled back to the curve by 
X (-> y T, belongs to the sheaf 

Of,i,, (g)c {xdcc, ydy, zd^, widy,^, Wn-2dui^_^) 



on which is the natural lift of the sheaf (</3o|£* (precisely 
speaking, we have to localize by (puUbacks of) z and Wi so that ^ ■ zd^ 
and ^-tyi^^i are defined in 0^i,*^(S)c{xdx, ydy, zd^, wA^, . . . , Wn-2dw„_2))- 
So the normal bundle to the image of is 



a,l3 

n t k t 

Of,i,* ®c{xdx,ydy, zdz,wid^^, . . . ,Wn~2dw„-2) /^e^-* ({xdx+^ widw^)-{ydy+- — zd^)). 

'^•0 A xwi I yz 



Though it is easy to construct a lift of v^ok^u^^ directly as we have 
just seen, it is useful to look at it from a slightly different viewpoint. 
Namely, given a lift over C[t]/t'^ of (poUa by n = xdx, we try to extend 
it to ij3 (the space of lifts is a torsor under the vector space of sections 
of the normal bundle Mi^/Xo- By 'lift by n = xdx\ we mean that we 
fix a base point of the torsor which is the lift of la obtained by sim- 
ply regarding the defining equations of £q, as equations over C[t]/t^ as 
above.). By the description of the tangent bundle, this is equivalent to 
the following: 

Given a germ of a rational section 7— ■ zdz of the normal bundle at 
the node ^q, fl £/3, extend it to £^ in such a way that poles exist only at 
the nodes of Cq. 

As we remarked above, since zd^ generates a trivial line bundle on 
Cr', the problem is the same as finding extensions of a germ of a rational 
function. Since is a rational curve, clearly this is possible, so a lift 
of V^okaUf^ always exists (compare with Step 4 below). 

Remark 35. Other lifts are given by changing the values ofc, c', cq, ■ ■ ■ , Cn-2 

ofn and n' . This corresponds to perturbing the coefficients k, I, m, 02, . . . , a„_2, A, /i 

by adding constants times t, then take the lift given byn = xdx o.s above. 

These changes of the coefficients are reflected to the vector (★), and it 

is clear that {-k) is changed by terms of order t^ . This observation is 



important (see Corollary 42 below). 
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When the length r of h{e) is general (but still assuming (*)), we 



replace i]^*^ by 

C'ac = SpecC[S, T, t]/{ST - f, f 



Also, the right hand side of {-k) is replaced by 

K f k t 

{xd^ + Y wid^^) - {ydy + zd^). 

A xwi / yz 



So when we extend the lift of ia given by n = rxdx, it is controlled by 
the sections of the normal bundle, H^{Mco/Xa) ® C[t]/t^, up to /c = r, 
but when we consider lifts over C[t]/t^'^^, the term 



T 2:9;^ 



appears on the component 



Step 3. Higher order lifts. If /3 is a vertex of the loop of F, we can 
skip here and go to Step 4. In general, we continue the calculation as 
follows. 

Since £a U has genus zero, a lift of fole^ui/} always exists, as one 
of which corresponding to n = xd^ was given explicitly above. As in 
Remark [351 other lifts can also be written explicitly. They are stable 
maps from the completion of the affine curve we defined above. 

Let V be the unique path from the vertex a to the loop L of F. By 
construction, the vertex /3 is contained in V, and if it is not contained 
in L, there is a vertex on V other than a, which is adjacent to /3. 
Let us write this vertex by 7. In the next step, we have to do the 
same calculation as above for the curve £q, U U here £^ is the 
component of Cq corresponding to the vertex 7. We can do this because 
we can still represent the image of the curve £^ ^ explicitly, however, 
as we continue this to higher orders of t, it becomes hard to represent 
the curves explicitly, so does the calculation of sections of the normal 
bundles precisely. Nevertheless, it is rather easy to calculate the leading 
terms (that is, the lowest order terms of t), since it is determined by 
the data of (po, and not affected by the choice of the lift (Proposition 
SH Corollary gg). 

Now we try to extend the lift given by n = xdx on U to ia U 
ifsU ij. This, up to higher order terms of t, corresponds to extending 
the rational section 

yOy + Zd;, 

I yz 

on to i^. Recall that we took the vertex a of F so that the direction 
in M" corresponding to the tangent vector zdz is not contained in the 
subspace A. On the other hand, since the part F' is non-superabundant 
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in A, the lift of ij^ given by ydy extends to the whole pre-log curve cor- 
responding to r', giving smoothing up to any order. So the obstruction 
depends only on the ■ zd^ part. 

As we noted above, the vector zdz naturally extends to the part Cr' 
of Co corresponding to V, generating a trivial line bundle which is a 
subbundle of the normal bundle Afc^,/Xo of Cr' in Xq. So, it suffices to 
extend the pull-back 

k t kt kt X -V , ( V 

It - -\(kS + m) ~ ~ kt + mT ~ ' ^ 

of the function on (.p (recall T is an affine coordinate on (.p). 

Let El be the edge connecting the vertices (3 and 7. Let q be the 
intersection of £^ and and qx be the value of the coordinate T at 
the point q. We assume that qx ^ 00 (the case qx = 00 requires few 
modification, see below). In this case, the image ^o{q) of q lies in the 
toric divisor of Xq given by Wi = 0. 

We can take a coordinate system of X around ^o{q) with the same 
properties as the coordinate system {x, y, z,wi, . . . , Wn-2} around (po{p). 
In particular, there is a coordinate u such that WiU = t and an affine 
coordinate U on which is at g and u is pulled back to U hj (po. 

Because v^o(^/3) satisfies Ky + Xwi + = and y is pulled back to T 
by <^o, 

Note that gr = 

As before, let us consider a lift of i*^^^ = SpecC[T, U]/{{T — qT)U), 

4; = SpecC[T,U,t]/{-^{T + i^)U -t,t'). 
Using the relation (T+ ^)f/ = —^t, the function —-g^;^ extends to 
kt _kKt ^ Uk-^Y 

on i^. The non-constant lowest order term of t is 

^2 k K X 1 
m fi fi U 

When qx = 00, We use the coordinates — instead of Wi, — instead of 
y (and change the coordinates on Cq correspondingly), so that (foi^i^) 
satisfies n— -|- A -|- = 0, and do the same calculation. 

The same process continues until we reach to the loop L. At each 
step, we obtain a section with ordering by t in the following form: 
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where R{t) is a polynomial in t with constant coefficients, x{t) is a 
polynomial in t with a non-zero constant term, V is an affine coordinate 
of a component of Cq (which we write by i'), and M is the integral 
length of the path V from a to the vertex V£' corresponding to ^' in F. 
Xi(t), X2{t) ■ ■ ■ are also polynomials in t; Mi, M2, . . . are integers with 
M < Ml < M2 < ■ ■ ■ . 

Remark 36. Note that this does not precisely represent the lift of ipo, 
but modulo higher order terms in t than t^ . In particular, in the precise 
computation, not only the coefficients of zdz should he modified, hut 
some terms of direction other than zdz i^o,y o/so appear. See Step 6 
helow and Suhsection \6.1[ 

If i' is not a part of the loop L of F, the obstruction class does 
not yet appear (recall that we assumed that the integral distance from 
a to the loop L is the shortest among the one-valent vertices of F'), 
and the smoothings of ipQ of order t^ exist and are parametrized by 
H^{^CojXo) ® C[t]/t^'^ as in the genus zero case (Lemma 7.2 of [9]) or 
more generally, as in the non-superabundant case. 

5.1.2. Calculation of the leading term. For later use, we look at 
the constant term of x{^) a little more closely. Let ^ be a component 
of Co and let a G Ft*^' be the corresponding vertex. The map 

from ^ to the corresponding irreducible component of Xq is required to 
satisfy the condition that, the image </?(£) is contained in the closure 
of an orbit of the two dimensional subtorus of the big torus acting 
on the components of Xq, which is determined by the subplane of A'k 
spanned by the edges emanating from a. In terms of the coordinate 
system {x,y,z,wi, . . . ,w„,_2} of X we took before, the restrictions of 
X, z,Wi, . . . ,Wn-2 compose a coordinate system on Xq, and the two 
dimensional torus orbit above is defined by 

Wi = ai, . . . , = a„_2, 

where are constants. Thus, noting the torically transverse condition, 
such maps ip are parametrized by 

(C*)""^ X (C*)^ 

These factors have natural coordinate systems, namely, a coordinate 
system of the (C*)""^ factor is given by and a coordinate 

system of the (C*)^ factor for £ = is given by the homogeneous 
coordinates {^, ^} in the above description, for example. 

More generally, by the calculation above, one observes the following. 
Let V be the unique path from the vertex ao = a to the loop of F. 
Let Oat be a vertex on V and let a, ai, . . . , oat be the vertices between 
a and a^. Let ^i^i+i be the node between i^i and C-ai+^ (in particular. 
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%,! = p in the notation above). In a neighborhood of each </)(gj j+i), 
using coordinates with the same properties as {x, y, z, wi, . . . , Wn-2} on 
X and S, T on Cq around fo{p) and p respectively, we can do the same 
calculation as above. In particular, the coordinates should satisfy the 
following properties. 

• For each i, the image (y9o(^Q,-) is defined by the equations of the 
form 

here ki,li,mi and Cjj are constants. 

• In this notation, the node (/?o(?i-i,j) corresponds to j/j = and 
^o{(li,i+i) corresponds to Xi = 0. 

• the coordinates Xi and t/j+i satisfy 

Xiyi+i = t, i = 0,...,N -1. 

We take the functions — , — for the coordinates for the (C*)^ factor 
of the moduli space of y9o(^aJ- With these notations, we can state the 
following. 

Proposition 37. The constant term o/x(t) depends only on the (C*)^ 
factors of the above parametrizations of the curves. Explicitly, it is 
given by 

kp h ki In-1 kN-i 

mo nil nil niN-i rriN-i 

Proof. This follows straightforwardly from the calculation above. Note 
that this does not depend on the choices of the coordinates at each of 
the nodes, so long as they satisfy the above conditions. □ 

5.1.3. Calculation for general cases. In this subsection, we study 
what happens in the calculations so far when we remove the assumption 
(*). 

Recall the calculation in Subsection lS.l.ll A general immersive triva- 
lent tropical curve with two vertices (r,/i), which is not contained in 
an affine plane, is represented as a result of an integral afiine trans- 
formation of the standard tropical curve V satisfying the assumption 
(*). Accordingly, a pre-log curve of type (F, /i) is given as the image 
by the branched covering map $l : Xg — )■ Xq of pre-log curves of type 
r' in X'q (we assume dimX = = 3 for notational simplicity). Such a 
pre-log curve in (^Jq : U £/3 — )■ X'q is presented by the equations 

kx + Iz + m = 0, y = 0, 

ny + Xw + yU = 0, x = 0. 

Here the curve ia^ip is rational with two components and has node at 
one point. The tangent vector of the pre-log curve in Xq was calculated 
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in Subsection 15.1.11 

Xdx -YdY-^-Zdz + ^- Wdw, 
Iz Aw 

as a section of the subbundle of (the pull-back of) Qx- 
The functions x, y satisfy the equation 

xy = t\ 

where r is the integral length of the edge E' in Figure [Hi As in the case 
under assumption (*), the vector 

Iz lyz 

appears when we extend the lift of the pre-log curve of type (F, h) to 
higher orders of t. 

For the pre-log curve the pull-back of the functions z satisfies 

Kr(y)=T, (^[,)*(^) = -l(fc5 + m), 

for appropriate coordinates S,T around the node of £q, U^/?. Substitut- 
ing these to the above vector, we have, as before. 

We note the following point. There are several different pre-log 
curves in Xq which is mapped to a given pre-log curve of type (F, h) 
in Xq. In particular, when the weight of the edge E in Figure E] is we, 
then the pre-log curves in Xq whose image is given by 

k(~^x + Iz + m = 0, y = 0, 

n(y + \w + fi = 0, X = 
has the same image by $i as ip'^. Here ( is any we-^^ root of unity. 
The same calculation as above produces 

kCf 



mT ^ mT 

1=0 

which depends on (. However, as we calculated in Step 3, the con- 
tribution to the leading term from the edge E comes in the form of 
product 

k K, 
m /i 

Then, as shown in the above equations, when k is multiplied by (, then 
K is multiplied by so that the total contribution does not depend 
on Note that though the integral length of the edge E in Figure [6] 
is rw, the exponent of t is r. 

This is the calculation for Step 2, and the calculation for Step 3 can 
be done in the same manner. As we argued above, each component of 
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a pre- log curve of type (F, h) can be pulled-back to a standard form, 
satisfying the assumption (*). It follows from the result in Subsection 
I5.1.2[ each component is locally parametrized by 

The (C*)^ component of these local parameters is given by the ratio 
({^, ^} in Subsection 15.1. 2 p of the coefficients of the defining equations 
of the pull-back. There may be several different pull-backs, and the 
local parameters depends on the choice. However, the difference is 
only the multiplications of roots of unity, and one sees, as in the above 
calculation, these dependences are cancelled pairwise. 

There is another important notice, which also appeared above. Namely, 
the exponent of t contributed from an edge of length r and weight w 
is given by ^. According to this remark, we re-define the path length 
of a tropical curve. 

Definition 38. Let (F, h) be an arbitrary tropical curve defined over 
integers. Assume that if C F is an wedge with weight we, then the 
integral length te of the image h{E) is an integer multiple of we {te 
can be zero). Let 

V : h{vi) ^ h{v2) ^ ■ ■ ■ ^ hiv^rn) 

be a path in /i(F), here Vi are vertices of F. Let Ei be an edge connecting 
Vi and t>j+i. Then, we define the length •^(r,h,)('P) of V by 

m— 1 

i=l '■ 

Note that i{r,h)(y'P) is an integer by the assumption about te and 
We- As in Remark [341 we always assume this condition for (F, h). 

Remark 39. When the tropical curve (F, h) satisfies Assumption A, 
the length of a path V C h{T) is an invariant ofV. However, for more 
general cases where some of the edges ofV can he merged in the image 
h{r), the same path V may have several different values of length, 
according to the choice of its pre-image. 

As a result of these calculations, we have a generalization of Propo- 
sition [371 Namely, continuing the calculation of the coefficient of the 
section Zdz until we reach to the loop, we obtain 

. . X xit)t^^ xi{ty^' X2it)t^'^' . . 

{R{t) + + ^^i^ + ^^^^ + ■■■ )Zdz, 

at each step as before. Then the coefficient of the leading term 
and the exponent M of t is given by the following: 

Proposition 40. The integer M is equal to the length i(r,h){'P) of 
the path V connecting a and in the sense of Definition \3R The 
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coefficient x{t) of the leading term is given by 

_ rh\ rh\ (jN^\ ( ^n^i \ 

\mo) ynii) \mi) V"^Ar_iy \mN^i) ' 

Here kiji,mi are coefficients of the defining equations of a pull-back of 
the component (foi^ai) ■ D 

Step 4. Obstruction at the loop. Again, we assume tlie assump- 
tion (*). Wlien there are edges with higher weights, the situation is 
almost the same, due to Proposition |40l The differences are that the 
coefficients must be calculated after lifting the curves to the branched 
covers, and that the integral length of the path must be modified as 
Definition [381 We omit the details of this step for these cases. 

Now let be the vertex of L nearest to a (it is determined uniquely). 
Let £ajv be the component of Cq corresponding to a^. Let Eaj^ be the 
edge attached to which is the last edge in the path V from a to 
a^. Let Un he an affine coordinate of whose value at the node 
corresponding to Ea^^ is zero. Then, as above, we have a section 

Un 

on £aj^- Here M is the length i(r,h){'P) of the path V in the sense of 
Definition [381 




Figure 7. The path V is drawn by bold lines. 

The term x(t) was calculated in Proposition [371 However, this is not 
what we really want. Note that the cohomology group H^{Co, Cco) is 
generated by a logarithmic differential form which is represented by ^ 
on each component of the loop, where t/ is a coordinate which takes the 
value or oo at the intersection with the other components of the loop. 
So, we have to use such a coordinate when we calculate the residue. 

As above, using appropriate coordinates, the component of (po{iaN) 
corresponding to the vertex a^v is defined by the equations, 

kjsfXN + InVN + = 0, Zn^i = 0, Zn^2 = Cn,2, ■ ■ ■ , ZN,n-l = CN,n-l- 

At this stage, we have the term of the form 

k^^ U /Ci lAI-^ kiV-A t^'^ 
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The function i/at is pulled back to Un hy ipQ. Then xat is pulled back 
to another affine coordinate 

U'j^ = -^{InUn + mN). 

Note that this coordinate satisfies the conditions about U suitable for 
the calculation of the residue. So when we rewrite the term |^ by 
using U'j^, we have 

_ __lNf^_ _ jNt^ 1 

Thus, it has the first order pole ai U'j^ = -'^ with residue We 
record this since we use it later. 

Proposition 41. The leading term of the obstruction contributed from 
the vertex a is given by 

kp h ki In-1 k^^i In t^ 

rriQ mi mi mN-i m^-i m^ 1 + ^U'^^ 

□ 



Corollary 42. The leading term of the obstruction is determined by 
the configuration of the image lpq{Cq). Changing the lift by the sections 
of the normal bundle H^{N'cq/Xo) ® 'C\t]/t^ changes the obstruction in 
higher order with respect to t. □ 



When we continue to extend the section 



ko li ki In-1 fcjv- 



mo mi mi mjv— i m^—i 

In t^' 



— ■ zd, , there are two directions to extend, and, since L is a 



N - ^ 



loop, these meet again. However, it is easy to see that these extensions 
do not coincide where they meet, and this is the (leading term of the) 
obstruction for the smoothing. 

We can understand this in the following way. Namely, consider the 
part Cl of Co corresponding to the loop L. It is a nodal genus one 
curve (a loop composed by a chain of rational curves). Our problem of 
extending ■ ^ ■ ^ . . . zd, to Cl is 

<=' mo mi mi mjv-^i mN~i mN I i N jji ^ ^ 

mff N 

the same as finding a rational function on which has a pole of order 
one whose residue is 

kp h ki In-1 ^Af-i In 

mo mi mi rriN-i rn^-i rn^ 

Since there is no rational function on an elliptic curve which has just 
one pole of order one, there is no solution to this problem. 

Step 5. Cancelation of the obstruction: a toy model. In Step 
4, we observed that a one valent vertex of T' produced an obstruction 
for the smoothing of a pre-log curve ipo : Cq ^ X. We will see that the 
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necessary and sufficient condition for the vanishing of this obstruction 
can also be understood using the same idea. 

The very basic model for this argument is the following. Namely, 
consider the exact sequence on C^,: 

m 

O^Oc,^ OcjJ^P.) ^ ©r=oCp. ^ 0, 
1=1 

where Pi, ... , Pm are divisors of Cl- Its cohomology exact sequence is, 

m 

4 = 1 

Here H^{Cl, Oc^) — C and the map s is given by taking the sum. Note 
that the same argument is valid even if some of the Pi coincide. In this 
case too, the map s is given by the sum of the residues at the poles Pj. 
When germs of rational sections are given at Pi, ... , P^, they can be 
extended to if and only if their residues belong to the kernel of the 
map s. 

Recall that we are considering the sections of the bundle generated 
by zdz, which is a subbundle of the normal bundle Acp,/Xo of C*r' in 
Xq. In general, we have to consider the whole normal bundle, so we 
replace Oc^ (— ^Cl ' ^^z) by ^Cj,,/Xo\cl- Then we have the following 
exact sequence 

^ H\Cl. Mc,,/x,\c,) ^ H\Cl, Mc,,ix^c, ® Oc, {ET=o m 

^ ©™oQr' ^ H\ClMc,,/x,\c,) ^ 0. 

The third term Cp~^ is naturally identified with the quotient N^/C-Vi. 
Here Wj is a vector in Nq corresponding to a tangent vector of Co at the 
pole Pi, which is the node corresponding to the edge Eaj^ (see Figure 
[7]). Note that as a point in Cl, Pi is not a node, but a smooth (marked) 
point. The important property of Vi is that it is annihilated by vectors 
of (^c)"*", regardless of the specific position of Pj. By the calculation of 
the (dual space of the) obstruction in Section 4, H^{Cl,J^c^,/Xo\cl) is 
naturally identified with H\Co,^^Co/Xo) (= ^^^Co, <^S0^/c/0Co/Oo), 
in the notation in Section 4) because the obstruction only exists on the 
loop. 

On the other hand, by Theorem [301 the dual space H of the obstruc- 
tion is given by vectors in (Ac)-^, so the images of s and vectors in H 
make natural pairings induced from the pairings between elements of 
Nq and A^^- the level of sections, this means taking the natural 
pairing of the direction vector zdz (seen as a vector in A^) and the el- 
ement of (^c)"*" C N^, then taking the residue of the product with a 
generator of H^{Cl, Oc^)- 

Assume ffist that there are only two poles and both of them have 
order one in the above exact sequence, and dim A'm = dimA + 1. Then 
it is easy to see, by Proposition [41] (see the proof of Theorem |45] for 
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details), that the existence of a local lift, whose leading term of the 
obstruction for extending it over Cl vanishes, is equivalent to the fol- 
lowing: There is a one valent vertex a' of F', other than a, satisfying 
the following condition: 

The integral distance from a to the loop L is the same as that from a' 
to L (note that we assumed that this is the shortest distance among 
those from the vertices of V to the loop). 

Step 6. Cancelation of the obstruction: Existence of smooth- 
ings. We have discussed the obstructions coming from the one valent 
vertices of V . In general, there are obstructions coming from the ver- 
tices in r \ r'. Namely, take a connected component T of F \ V . This 
is a tree with open ends. Let a be the one valent vertex of V to which 
T is attached. Let Ai be the minimal affine subspace of iVR contain- 
ing r' and the edges emanating from a. If T is contained in Ai, then 
the contributions to the obstruction coming from the vertices of T is 
dominated by that from the vertex a, see the proof of Theorem H5l 

So assume T is not contained in Ai. In this case, T fl may have 
several connected components, and let T' be the component closest to 
the loop. The set T' is a tree, and has several one-valent vertices. Let 
a' be the one valent vertex which has the minimal integral distance to 
the vertex a. Then do the same calculation as above to this vertex 
a' . Let D be the two dimensional subspace spanned by the direction 
vectors emanating from a', and Ai be the subspace parallel to Ai. By 
definition, D /{AiPiD) is one dimensional, and iiv E D is a, representa- 
tive of a basis of D /{Ai flZ)), the calculation computes the obstruction 
in the direction v mod Ai. 

Next, taking the minimal affine subspace A2 containing Ai and the 
edges emanating from a', continue the same process. 

Summing up these obstructions contributed from one valent vertices 
in each of this process, one obtains the leading term of the obstruction. 

On the other hand, the precise obstruction is calculated as follows, 
though it will be in general difficult to calculate it explicitly: Namely, 
Let L be the loop of F. The set F \ L is a disjoint union of trivalent 
trees with open ends. Let U be one of the connected components, and 
e be the edge of U attached to the loop. Let p be the unique vertex of 
L attached to e. 

When the pre-log curve tpQ is lifted to a map : — )■ X over 
C[t]/t'^"'"^, here Ck is a lift of Co, one calculates a generator of the 
tangent bundle, as a subbundle of 9x, using appropriate coordinates as 
above. As the calculation before, around the node of Co corresponding 
to the edge e, it is written in the form 



(a^o^xo -yodyo) +r, 
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here Xo,?/o satisfies Xqi/o = t"*, the node of Cq is mapped to a divisor 
of Xq defined by Xq = yo = 0, and the sum of the other terms r does 
not contain the vectors Xod^o nor Vody^. Pulhng back r by ipk and 
representing it using an appropriate coordinate on f.^, as Step 4, one 
obtains a germ of a rational section, and the first order pole of it gives 
the obstruction. The whole obstruction is obtained by summing up the 
contributions from all the connected components of F \ L. 

So we give the following definition. Let {Wj} be the set of connected 
components of F \ L. Recall that when (yj^ : — )■ X is a lift, other lifts 
of the restriction of ip^ to Cu^ are parametrized by the sections of the 
restriction of A/c-q/Xo to Cu, (note that though every section of 

J^Co/Xo ® C[t]/t'^ on Co need not correspond to a smoothing, however, 
its restriction to each Ci^ does, because this part is genus zero). When 
n is a section of Mco/Xo ® 'C[t]/t^ on Co, let 

be the perturbation of fk\cu- corresponding to the restriction of n to 
Ck^. Here Ck^i^n is an appropriate k-th order lift of Cu.. 

Definition 43. We write by 

o(n;<^fc). e^-(iVc®C[t]/t^-+i) 

the contribution to the obstruction from the component Wj calculated 
as above, for the curve <y9fe i(n). Here U is, as in Step 4, a suitable 
affine coordinate on iy, namely, in the notation of Proposition UH U = 
1 + ^U'. 

The necessary and sufficient condition for the smoothability of Co is 
the vanishing of the pairing of the obstructions (considered as germs of 
rational functions with data of order of t and the direction in N^) with 
all vectors in (A)-^. Note that each element of (A)-^ gives a hyperplane 
in N^, the set of vectors annihilated by that element. 

From this, we can readily extend the condition at the last of Step 5 
for the case of two poles to general cases. Namely, assuming (F, h) is 
immersive, and when the edge weights are one, the desired condition 
precisely coincides with the well-spacedness condition considered by 
Speyer [12]. When edge weights are general, it is modified using the 
path length of Definition [381 

Definition 44. An immersive genus one superabundant tropical curve 
(F, h) is said to be well-spaced if the following condition is satisfied for 
any affine hyperplane "H of containing h{r'). Let 

Tn = h{T) n n 

and let 
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be the one valent vertices of it. Denote by 

V^, i = l,...J 
the unique path connecting p]^ and L. Then the set 

{£(r,,)(Pi),...,V,/.)(^.)} 
of positive integers contains at least two minimum. 

Theorem 45. Assume that (F, h) is an immersive superabundant trop- 
ical curve of genus one. Then it is smoothable (Definition W3\) if and 
only if (r, h) is well-spaced. 

Proof. As in the main text, we assume that the direction vectors of the 
edges of h{V) span A^r. The precise obstruction explained above can 
be written in the form 

0(v2fc) + Ol, 

here o((/9o) is the sum of the leading terms, which depends only on the 
data of ^Pq{Cq) according to Proposition SH and Oi is the sum of the 
correction terms. Each term in o(v9o) has data of a direction vector 
in Ar and an order in t. These are determined by the tropical curve 

(r,/i). 

Now let us assume that the dual space of obstructions H has di- 
mension one for simplicity. Then we can think of the obstruction as 
a polynomial in variable t. Suppose we perturb y^o by adding terms 
of order t to the coefficients of the defining equations of </?(Co). When 
we calculate the obstruction using these perturbed coefficients, if the 
terms in o(</)o) is modified in order for some integer m, then the 
terms in Oi is modified in order not less than t"*^^. Thus, by induction 
on the order of t, terms of higher order in t can be cancelled by mod- 
ifying (/?o- So, for the vanishing of the obstruction, it is enough if we 
can choose (fo so that the leading term o{ipo) vanishes. By Proposition 
HH it is easy to see that the necessary and sufficient condition for this 
is the well-spacedness of the tropical curve (F, h). 

If dim H is larger than one, we apply the above argument inductively 
to the vertices of F \ L, starting from the ones closer to the loop, just 
as in the discussion at the beginning of Step 6. Then it is easy to see 
that, in each order of t, the well-spacedness condition is again necessary 
and sufficient for the existence of the configuration of a curve whose 
obstruction vanishes. □ 

5.2. General genus one case. Here we remove the assumption that 
(F, /i) is immersive. However, we still assume Assumption A. 

In this case, there appears an important difference in the treatment 
of the edges with higher weights. Namely, in the previous subsection, 
these edges represent points of pre-log curves which intersect the toric 
divisors with higher multiplicities. But here, in additoin to this, the 
case where they represent points of pre-log curves which intersect the 
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toric divisors at different points appear. However, under Assumption 
A, we need to consider this latter possibility only for the unbounded 
edges. According to Remark [551 (ii) (or Lemma SH] below), this suffices 
for the enumeration problem. 

We begin with two examples, which extend the calculation in Sub- 
section 15.11 to the case of four-valent vertex and play important roles 
in the rest of this paper. 

Example 1. In this example, we deal with the four valent vertex 
with an edge h{E) whose weight w{h{E)) is a pair of integers {wi, W2). 
Namely, consider a tropical curve (Fq, ho) given in Figure Ei 



As in Subsection 15. 1[ in the main text we explain the smooth case 
with all the weights Wi (including w^) are one for simplicity, and remark 
about general cases later. 

If (Fq, ho) is a part of larger tropical curve, then, under Assumption 
A, the edge drawn by bold line (write it as (B) of ho(To) must be an 
unbounded edge. We study what happens when we extend a local lift 
of the curve corresponding to /lo(Fo) to the other parts, as we did in 
Subsection 15.11 

So as in Subsection 15. 1[ we consider the following situation (we use 
the notation in Figure [8]): 

• (Fq, ho) is a part of a genus one superabundant tropical curve 



• Let L be the loop of F. As in Subsection 15. Ij let A be the min- 
imal dimensional afiine subspace of A^k containing h{L). Then 
the edge h{Ei) = €1 is bounded, and contained in the unique 
connected component of A fl h{r) containing h{L). 

• The unbounded edge £ is not contained in A. 

Also, we take a coordinate system {x, y, z,wi, . . . , Wn-2} on the total 
space X of a toric degeneration defined respecting (F, /i), satisfying 
the properties as in Subsection 15.11 In particular, we can assume the 
following properties. 




Figure 8. Wi are the weights of the edges. 



{T,h). 
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Namely, let ipo : Cq ^ Xq be a generic pre-log curve of type (F, h). 
Let a be the unique vertex of Tq and folt^ ^ Xq be the component 
corresponding to a. Then (Pq\i^(F^) is defined by the equations 

x'^ + ax + b + cz = 0, y = 0, wi = ai, . . . ,Wn-2 = an-2- 

Here a,b,c,ai, . . . , a„_2 are generic complex numbers, and 6, c, ai, . . . , a„_ 
are non-zero. Also, the equation xy = t holds, and the node p of Co 
corresponding to the edge Ei is mapped into the set {x = 0}n{y = 0}. 
In particular, ipo\e^ is parametrized by 

(a; 6, c; ai, . . . , a„_2) G C x (C*)^ x (C*)"-^. 

By differentiating the defining equation of ipo\£^{F^), we have 

cdz + (2x + a)dx = 0, 

and the fibers of the tangent bundle of (y9o|^„(IP^) are spanned by 

(4) xd^ - ydy - '^^^^—^-^zdz 

subbundle of 6^ near (fo{p). 
As in the calculation in Subsection I5.1[ we see from this that when 
we extend the zeroth order lift of v^okc given by xdx, then the term 

— ■ (2^ + a-)zd^ = --2 —, ■ (2^ + a-)zd^ 

cz y^ y l^^a^ + b y^ y 

appears on the neighboring component of ipo^Co). 

When the edge h{Ei) is adjacent to the loop h{L), then the first 
order pole ^ vanishes when we take a = 0, so that the obstruction 
in the direction of zdz also vanishes. More precisely, we should use 
an appropriate coordinate as in Step 4 in the previous subsection, and 
perturb a in order t and higher so that the first order pole is cancelled. 

In more general cases, as in the previous subsection, we have the 
terms 

in each step of extending the lift. By the discussion before Proposition 
\37\ we observe the following. Here we use the same notation as in 
Proposition [371 

Proposition 46. The constant term of xit) is given by 

a li ki In-1 k^-i 

b mi mi ?Ti7v-i ^N-i 

The difference from the case of Proposition [37] is that we can take a to 
be zero, so that the leading term of the obstruction vanishes. The other 
terms have higher order in t, and since the constants b, ki, mi, . . . are 
non-zero, we can cancel these terms by perturbing a by terms divisible 
by t. 
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Similarly, we can cancel the obstructions of direction zdz (mod A) 
coming from the other vertices, provided the integral distance to the 
loop from these vertices are not smaller than that from the vertex a. 

The general cases. Now we consider the general cases where the 
weights Wi are general, and the toric surface associated to the tropical 
curve (Fq, ho) is not necessarily smooth. The idea is the same as in 
Subsection 5.1.3. Namely, the curves are described as the image of the 
standard model in the above calculation, under the branched covering 
map between toric surfaces and their degeneration. We describe some 
details. 

Consider Figured We take Wi^w^.w^ general. These numbers and 
the degree of (Fo,/io) determine W2 and w^. We consider immersed 
tropical curves (F', h') of the same weights and degree as (Fq, ho). 



Then we consider pre- log curves of type (F', h'). These curves have two 
components, and, as we saw in Subsection 15.1.3^ each component is an 
image of a line in a projective plane under a covering map. In partic- 
ular, each component is locally parametrized by the same parameters 
which parameterize the lines in the projective plane. Precisely speak- 
ing, as we noted in Subsection I5.1.3[ there are several lines in which 
project to the same line in the toric surface corresponding to the trop- 
ical curve. 

Since each component has two parameters, we have four parameters 
in total. We remark that these parameters can be thought of as the 
value of affine coordinates of at the intersections of the lines with 
the toric divisors. Noting this, we can take these parameters so that 
the incidence condition at the node corresponding to the bounded edge 
requires two of these parameters take the same value. So there are three 
free parameters. We write these parameters 



as in the case of weight one discussed above. 

Now consider the toric degeneration defined respecting (F', h'). Pic- 
torially, it is given as follows (Figure fTOj) . 

According to [9], there is a correspondence between pre- log curves of 
genus zero in Xq of type (F', h') and torically transverse rational curves 




h' (T') 



Figure 9. 



(a,6,c)G(e)3 
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Figure 10. 



in X which intersect the toric divisors with the multiphcities prescribed 
by the weights of the edges of h'{r'). In particular, a dense open 
subset of the set of these rational curves in X are parametrized by the 
parameters (a, b, c) G (C*)^ above. 

Now, as in the standard smooth case above, suppose (T', h') is a 
part of genus one superabundant curve (F, h). One can calculate that, 
using appropriate coordinates as in Subsection 15.1.31 the lift of the 
component corresponding to (F', h') by the normal vector xd^ induces 
a term 

up to higher order terms in t, and a multiplicative constant which does 
not depend on the parameters. Here the exponent r is given as follows: 
if m is the weight of the edge of (Fq, ho) which is the part of the path 
connecting (Fq, ho) to the loop, then the integral length of the same 
edge is rm. T is an affine coordinate of the corresponding component 
of Co (cf. Subsection I5.1.3p . 

The parameterization of the torically transverse rational curves in 
X by parameters (a, 6, c) G (C*)^ extends to a parametrization by 
(a, 6, c) G C X (C*)^, so that the leading term ^ ■ Zdz vanishes when 
the parameter a becomes zero, as in the standard case above. The rest 
of the argument is the same as the standard case. 

Now we study the next example. 

Example 2. This example also has a four valent vertex, but all the 
weights of the edges of the image are single integers. As before, first 
we assume all the weights Wi of the graph Fq are one (including the 
bounded edge) and the associated toric variety is smooth. 

As Example 1, we think that (Fq, ho) is a part of a superabundant 
genus one curve (F, h). We define the affine subspace A C N^. as before, 
and assume some edge of /io(ro) is contained in the connected compo- 
nent of A n h{T) containing the loop, but the whole /io(ro) is not con- 
tained in this component. In this case, there may be two edges of /io(ro) 
contained in this component, and if this is the case, let h{Ei) = (Bi be 
the edge closer to the loop h{L). If there is only one edge contained 
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To h„{r„) 

Figure 11. 

in this component, then take it as h{Ei) = (Ei. More accurately, there 
are following three cases: 

(a) Two edges of /io(ro) are contained in A. 

(b) Only one edge of hoiTo) is contained in A. Let €2, £3, be the 
other edges of /lo(ro), and let V2,V3,Vi be the direction vectors of 
them. Then the dimension of the subspace of spanned by A 
and {v2,V3,V4} is dim A + 1. Here A is the linear subspace of A'k 
parallel to A. 

(c) Only one edge of ho{ro) is contained in A, and the dimension of 
the subspace spanned by A and {v2, fs, V4} is dim A + 2. 

We thus choose a bounded edge h{Ei) = €1 in each case. As in 
Example 1, we take a coordinate system {x, y, z,wi, . . . , Wn-2} on the 
total space X of a toric degeneration defined respecting (T,h). This 
time, we can assume the following: Namely, let : Cq — )■ Xq be 
a generic pre-log curve of type (T,h). Let ipo^y : — t- be the 
component corresponding to the vertex of (TQ,ho). Then ipQ^^iF^) is 
defined by the equations 

ax + z + b = 0, ex + Wi + / = 0, y = 0, W2 = ^2, • • • , w„„2 = «n-2- 

Here a,b,e, f,a2, ■ ■ ■ ,an-2 are generic complex numbers. Also, the 
equation xy = t holds, and the node p of Cq corresponding to the 
edge El is mapped into the set {x = 0} H {y = 0}. Clearly, (po^y is 
parametrized by 

(a,6,e,/;a2,...,a„-2)e(C*)^x(C*r-^ 

This time, the fibers of tangent bundle of (fo,y{F^) are spanned by 

(5) xdr, ~ ydy - a- ■ zdz - e— ■ widy,^ 

Z Wi 

as a subbundle of 6^ near (po{p). 

Thus, when we extend the zeroth order lift of ifo given by xdx, then 
the term ^ ^ 

a — ■ zdz + e ■ Wid^i 

zy wiy 

appears on the neighboring component of v9o(Co). 

In the case (a) above, we can choose the coordinates so that one of the 

directions of corresponding to zdz.Widu,^ (say, zdz) is contained in 
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the subspace A. Then only the term of a multiple of Wid^i contributes 
to the obstruction, and it does not vanish (unless there is another 
vertex, producing the obstruction in the direction of Wid^i and the 
integral distance to the loop is equal to that from the vertex of /io(7o) 
to the loop. But this does not happen in generic situations, see Lemma 

In the case (b), both terms of ■ zdz + ■ wid^i contribute to 
the obstruction. Then it is easy to see that for any generic a, b, e, there 
is unique / such that the obstruction in the direction zd^ = Widu,^ 
mod A vanishes, if there is no other vertex which contributes to the 
obstruction in the direction zdz niod A, and whose integral distance to 
the loop is shorter than to that from the vertex of /io(7o) to the loop. 

In the case (c), the directions corresponding to zdz and widw-^ are 
linearly independent in N^/ A, so the contributions to the obstruction 
from the two terms do not cancel whatever the values of a, 6, e and / 
are. 

The general cases. We remark briefly about Example 2 with general 
weights and directions of the edges. Again, as in Subsection 15.1.3^ the 
idea is considering the covering, reducing the argument to the standard 
case. 

Consider pre-log curves corresponding to the tropical curve (Fq, /to)- 
As in the trivalent case, one can see that these curves are obtained 
as the image of the standard curves in considered above, under a 
covering map 

^ Pa, 

here Pa is the toric variety constructed from the complete fan in 
whose one dimensional fans are the rays spanned by the direction vec- 
tors of the unbounded edges of /lo(ro) 

In particular, these curves are also locally parametrized by (C*)^, 
and the obstruction can be represented using these parameters, again 
as in the trivalent case. The rest of the argument is the same as Sub- 
section 15.1.31 and the standard case above. 

Summarizing, the cancelation of the obstruction contributed from 
the part corresponding to /to(ro) occurs only in the case (b), when the 
curve v^o(IP^) is in a special position (namely, the coefficients a,b,e,f 
satisfy one equation). 

Remark 47. (1) Using these examples, we can perform the calcu- 
lation of the obstructions for pre-log curves of type iV^h), where 
(r, h) is a tropical curve satisfying Assumption A, which is not 
necessarily immersive but may have several four-valent vertices. 
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(2) It is easy to see that, in this case too, as in Corollary the 
leading term of the obstruction contributed from each vertex is 
determined by the configuration of the curve itself. 

(3) It is also easy to see what happens when there are vertices of 
higher valence more than four. Namely, in Equations ^ and 

higher order terms with respect to t, or terms of other di- 
rections (e.g., W2dw2, w-^dw^ . . . , or linear combinations of them) 
appear. However, these are irrelevant to the enumeration prob- 



lem, see Lemma 48 below. 

Let us fix a degree A for a tropical curve. For genus one case, 
A determines tlie expected dimension of the moduli space (witfiout 
referring to the data of the dimension of the ambient space). Namely, 
if (r, h) is a tropical curve of genus one of degree A, then the expected 
dimension of the moduli space is | A|, the number of unbounded edges of 
r. We fix a generic affine constraint A of codimension d with |d| = | A|. 
(see Subsection 16.31) . 

Lemma 48. Let (F, h) be a genus one superabundant tropical curve 
satisfying the generic constraint A (we do not a priori assume As- 
sumption A). Assume the direction vectors of the edges of h{T) span 
iVjR. Then if there is a pre-log curve of type (F, h) which is smoothable, 
the following conditions hold. 

(1) h{T) satisfies Assumption A. 

(2) A vertex of h{T) is at most four-valent. 

(3) If h{T) has a four-valent vertex, then it is locally isomorphic to 
Example 1, or (b) of Example 2. 

Remark 49. (i) Thus, for enumeration problem of genus one curves, 
when h{r) has a vertex which is four valent or more, it suffices 
to consider only the cases of Example 1 and case (b) of Example 
2 above. 

(a) For higher genus cases, as we noted in Remark {3^ (Hi), rnore 
degenerate case may appear. See Example \5IK 

Proof. As we noted above, for a genus one tropical curve (F, /;,), the 
expected dimension of the moduli space is the same as the number of 
unbounded edges of F. When we impose the condition to h that some 
bounded edges are contracted, then the freedom to deform the tropical 
curve decreases by the same number as the number of these bounded 
edges, if these edges are not contained in the loop. When an edge in 
the loop is contracted, it might force some other edges of the loop to 
be also contracted (see Example 150]) . but it does not affect the edges 
which are not contained in the loop. 

Let v^o : C'o — ^ ^ be a pre-log curve of type (F, /i). Let H be the dual 
obstruction space of Theorem [301 As in the calculation in Subsection 
15. II (see also Remark lTTj) . for the vanishing of the obstructions, (dim H)- 
dimensional conditions are imposed to the moduli space of the pre-log 
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curves which are perturbations of (fQ (here we used the assumption 
that the direction vectors of the edges of h(T) span A^k). This, on 
the tropical curve side, imphes the same dimensional conditions to the 
lengths of the edges of h(T), which are not contained in the loop. So, 
contracting some edges of the loop imposes additional conditions, and 
we see that such curves do not satisfy generic incidence conditions. 
Thus, for tropical curves satisfying generic incidence conditions, we 
do not need to consider the case where some edges of the loop are 
contracted. 

Let do be the dimension of the moduli space of tropical curves which 
are deformations of {T,h). As we remarked above, the expected di- 
mension of the moduli space of the tropical curves is given by |A|. On 
the other hand, the actual dimension of the moduli space is 

|A| + dim if. 

Suppose (r, h) does not satisfy one of the conditions (1) to (3) of the 
lemma. Then, at least one of the following occurs: 

(i) (r, h) does not satisfy Assumption A. 

(ii) (r, h) satisfies Assumption A, but has a vertex of valence not less 
than five. 

(iii) (r, h) satisfies Assumption A, but has a vertex of valence four, 
which is locally isomorphic to (a) or (c) of Example 2. 

Each of these imposes a condition to h, which is independent of the 
conditions imposed by the vanishing of the obstruction. 

So if the affine constraint A is generic, there is no tropical curve (F, h) 
of degree A which satisfies A, dim if conditions for the vanishing of 
the obstruction, and one of (i) to (iii) above. Thus, the tropical curve 
(r, h) satisfies the conditions (1) to (3) of the lemma. □ 

Example 50. Here we consider an example of a higher genus tropical 
curve, in which a situation where 

• Assumption A does not hold and 

• highly degenerate tropical curves inevitably appear for the enu- 
meration problem 

happens. Namely, consider the following Figure [121 

It is an immersed genus two superabundant curve in M^, and dim if 
is equal to one, where H is the dual space of the obstructions. The 
obstruction is localized at the loop on the left, drawn by bold lines. The 
loop on the right is, as a genus one tropical curve, non-superabundant. 
Assume that the integral length of the edge E2 is twice of that of Ei. 
Since the loop containing Ei is non-superabundant (and it has only 
four edges), one sees that this ratio of the integral lengths of E2 and 
El does not change when we deform the tropical curve. 

Consider a condition for the smoothability of this tropical curve. Al- 
though it is not genus one, we can calculate the obstruction as in the 
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Figure 12. Segments drawn by bold lines are contained 
in the affine subplane spanned by the loop. 

calculation in this section, and it is easy to see that, for the vanishing of 
the obstruction, the integral lengths of the edges Ei and E2 should be 
equal. However, according to the above observation, it only happens 
when both Ei and E2 are contracted. This already breaks Assumption 
A. Moreover, it is easy to see that when the edge Ei or E2 is con- 
tracted, the whole loop must be contracted. Thus, for higher genus 
curves, when we try to remove Assumption A, we cannot moderately 
weaken it, but we have to consider much more general situations. 

Due to Lemma HHl we formulate the generalization of Theorem US 
only for (F, h) with at most four-valent vertices. It is straightforward 
to extend it to more general genus one curves (at least when (F, h) 
satisfies Assumption A). 

Let (F, h) be a genus one superabundant tropical curve satisfying 
Assumption A and assume that a vertex of h{r) is at most four-valent. 
We use the same notations F', "H, F-^, pf'jVi as in Definition HU 

Definition 51. (T,h) is said to be well-spaced if one of the following 
condition is satisfied for any affine hyperplane "H containing h{r'). 

(1) The set {£(r, /i) (Pi ),..., ^(r,/i)('Pj)} contains at least two mini- 
mum. 

(2) The set {^(r,/i)('Pi), • • • , ^{r,h){'Pj)} contains only one minimum. 
Let be the vertex of h(Ty) at which i(r,h){,'Pi) takes the 
minimum among {£(r,/i)(Pi), . . . , ^(r,/i)(Pj)}- Then is four 
valent, and near p^, (F, h) is locally isomorphic to Example 1 
or (b) of Example 2 above. 

The next theorem follows from an obvious extension of the calcula- 
tion in Subsection 15.11 

Theorem 52. Let (F, h) be a genus one tropical curve satisfying As- 
sumption A and assume that each vertex of h{r) is at most four-valent. 
Then it is smoothable if and only if it is well-spaced. □ 

5.2.1. Examples. Here we give several examples in the case of genus 
one cubic curves in P^. The most standard superabundant case, which 
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is the subject of Speyer's original well-spacedness condition [12], is 
given in the following figure (Figure [T^ . 




Figure 13. 

There are three unbounded edges for each of the following directions 

(-1,0,0), (0,-1,0), (1,1,1), (0,0,-1). 

All of these edges are weight one. The three black dots in the figure 
means the unbounded edges of direction (0,0,-1). Genus one cubic 
curves in P'^ are known to be contained in some projective plane, and 
it is true also in the tropical case. The dotted lines represent the image 
of the one dimensional skeleton of the tropical hyperplane containing 
the genus one tropical cubic curve under the projection to the plane. 

In this figure, the vertices A, B, C are the one-valent vertices of F', 
and the vertices A and B assure the well-spacedness condition. 

When we slide the curve on the plane, the picture becomes as follows 
(Figure [14]). 




Figure 14. 

In this case, the unbounded edge of direction (0, 0, —1) at the vertex 
B has weight two, and this is the case of Example 1. So this satisfies 
the extended well-spacedness condition of Definition [SH 
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Next, consider the cases when some of the horizontal unbounded 
edges of T are merged, as in the following picture (Figure Hn]). Note 
that the unbounded edges are merged in T. That is, the image of the 
merged edge has weight two, not (1, 1) (the latter case is not generic 
in the space of smoothable tropical curves). 



As curves on a projective plane, these are cubic curves with the 
condition that they have one intersection point of multiplicity two with 
a toric divisor. The bold lines have weight two, and correspond to these 
intersection points. 

On the other hand, the vertical unbounded edges emanating from 
the vertices on the bold lines {B of the figure (a) and A of the figure 
(b)) also have total additive weight two (Definition [T^ . 

In the case of (a), the integral distance from B to the loop is shorter 
than that from A, so for the well-spacedness condition, it is necessary 
that the vertical edge from B has weight (1,1). This is the case of 
Example 1. 

In the case of (b), the integral distance from A or i? to the loop is the 
same. Since the length of the edge with weight two should be halved, 
the leading contribution to the obstruction comes from the vertex A. 
There are two cases. 

(i) The vertical edge from A has weight (1, 1). 

(ii) The vertical edge from A has weight two. In this case, the tropical 
curve is immersed. 

The former case is smoothable (Example 1). The latter case corre- 
sponds to a genus one cubic curve which has two intersection points of 
multiplicity two with toric divisors, but not smoothable. 

Note that not every tropical curve is smoothable, even if it is con- 
tained in a tropical hyperplane. Examples are given in the following 
figures (Figure [T6|l . 




(a) 



(b) 



Figure 15. 
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Figure 16. 



Finally, we give an example that clearly ] shows why we have to 
divide the integral length of an edge by its weight. 




Figure 17. 

The left tropical curve corresponds a standard degree three curve 
in P^. The right tropical curve is obtained from the left by the linear 

transformation by the matrix ^ ^ on the plane. As a result, this 

tropical curve is also smoothable. Note that the edge E' has the weight 
two. 

In the left tropical curve, the integral lengths of the paths from the 
vertices A and B to the loop are the shortest ones. While, the integral 
length of the edge E' in the right tropical curve is the twice of that of 
the edge E in the left tropical curve. So the integral length of the path 
from the vertex A' to the loop is greater than that of the path from the 
vertex B' to the loop. However, when we halve the integral length of 
E', these two are the same, adjusting to the well-spacedness condition. 
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6. Correspondence theorem for superabundant curves II: 
Enumerative result for genus one curves 

6.1. Kuranishi map. Now we begin to study the enumeration prob- 
lems for superabundant genus one curves. We use the same notations 
as in the previous section. In this subsection, we work under the fol- 
lowing assumption, due to Lemma l48l 

Assumption C. (F, h) satisfies Assumption A, and the vertices are at 
most- four valent. Four valent vertices are locally isomorphic to the one 
in Example 1 or (b) of Example 2 in the previous subsection. 

We saw in Section assuming that the tropical curve (F, h) satisfies 
Assumption C, when (F, h) is well-spaced, there is a pre-log curve of 
tj^e (F, h) which can be smoothed. In this subsection, we study the 
local behavior of the moduli space of these smoothings. 

First we review the situation of the non-superabundant case. The 
corresponding local result in genus zero case (which can be extended to 
general non- superabundant case) was given in Lemma 7.2 of [H]. The 
result is that the smoothings are locally parametrized by H^{N'co/Xo)- 

In general, the actual moduli space is represented as the inverse 
image of zero of the Kurainshi map 

(we give the precise definition soon later). In the non-superabundant 
case, the space H^{Nco/Xo) is zero, so locally H^{Nco/Xo) itself can be 
thought of as the moduli space. 

Let (F, h) be a well-spaced superabundant tropical curve satisfying 
Assumption C and : Cq ^ Xq be a pre-log curve of type (F, h) 
which can be smoothed, which exists by Theorem [521 In our case, we 
can describe the local behavior of the Kuranishi map /C around Co by 
the calculation in Section [51 Namely, assume that we have a /c-th order 
smoothing 

of ifo, which exists by the smoothability assumption on (/?o, where Ck 
is a /c-th order smoothing of Cq. Other smoothings are parametrized 
by the elements of some subset of 

H\Uc,/x^:)®m/t'- 

Our purpose is to describe the condition for an element n of H^i^Mca/Xa)® 
C[t]/t*^ to be contained in this subset. 

We take a basis {ai, . . . , Oa} of {A)-^, here a = dim{A)^. Then we 
define the Kuranishi map in the following way. Note that as we saw 
in Step 5 in Subsection 15. 1[ the obstructions o{n;ipk)i (Definition l43l). 
which are given as Ac-valued germs of rational sections, and elements 
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in H = (A)-^ make a natural pairing. Let us write it as 

(o, o), 

here a G if and o is a germ of a rational section. 
Definition 53. We define the Kuranishi map of order k at cpk 
/C : H'{Afc,/Xo) ® m/t' ^ iC[t]/t'r 

by 

{(ai,^o(n; (Pk)i)}j=i,...,a, 

i 

here the index i parametrizes the set {Ui} of components of F \ L. 

By definition, we have the following. As usual, we assume that the 
direction vectors of the edges of h{T) span N^. 

Proposition 54. A section n corresponds to a k-th order smoothing 
of ipo if and only z//C(n) = 0. □ 

The map o(n; (fk)i is not affine linear in n nor the coefficients of the 
defining equations of ipk{Ck), and hard to compute in general. However, 
for the leading terms, we have better understanding, as we saw in 
Proposition |4T1 In particular, we can see from the proof of Theorem 
113] the following result. Take a linear coordinate system {xi, . . . ,Xb} 
on H^{N'c(i/X(i) and represent a vector n in H^{J\fco/Xo) ® 0t]/t^ by 

Xi(n) = xo,i(n)+xi,i(n)tH \-Xk~i,i{n)t^~^ , z = l,...,6, Xj-i(n) G C. 

Proposition 55. Assume k is sufficiently large. We can choose the 
basis {ai, . . . , aa} so that the space of solutions /C~^(0) is a perturbation 
of a linear subspace of codimension a in H^^Mco/Xq) in the following 
sense: 

• The set 

E = {{xo,i{^)}i=i,...,b\ /C(xi(n), . . . , Xb{n)) = 0} 
is a linear subspace of 

H%Afco/Xo) = = {{a;o,.}.=i,...,6ko, G C} 

of codimension a. 

• Let 

hi{Xi) = /ll(Xo,i) = 0, . . . , haiXi) = ha{Xo^i) = 

be a set of linear equations on H^{Mcq/Xo) defining E. Then the 
defining equations for the set /C~-'^(0) C H'^{N'co/Xo) ® €.[t]/t^ 
are written in the form 

hi{xi) + tgi{xi), . . . , ha{xi) + tga{xi). 

• The polynomials hi, . . . ,ha depend only on (po, and do not de- 
pend on k, if k is large enough. 
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Proof. First note that /C(0) = 0, since n = corresponds to the smooth- 
ing (fik. Write 

/C(xi, . . . , Xfe) = {}Ci{xi, ...,Xb),..., /Ca(xi, . . . , Xb)) ■ 

Now we explain how to determine the basis {oi, . . . , aa} of (A)^. We 
take ai to be a generic vector in (A)-^. Then as in the argument at 
the beginning of Step 6 in the previous section, we determine an afiine 
subspace Ai of and its parallel linear subspace Ai, using one of 
the one-valent vertices of F' which has the minimal integral distance to 
the loop L. Note that by definition Ai contains the subspace A. Now 
define a2 to be a generic vector in (^i)"*". If there is another one-valent 
vertex of F' such that 

• the integral distance to the loop is minimal, and 

• the two dimensional subspace of A^k spanned by the direction 
vectors of the edges emanating from this vertex is not contained 
in Ai, 

then let A2 to be the span of Ai and this two dimensional subspace. 
Then let 03 be a generic vector in (A2)"'"- Continue this until there is 
no one-valent vertex of F' satisfying the above two conditions. 

Let Ac be the affine subspace obtained at the last step of this pro- 
cess, and Ac be the parallel linear subspace. Let F^^ be the connected 
component of h{r) HAc containing the loop of /i(F). Then consider the 
one-valent vertices of F^^ and do the same process as above. 

Continuing this, since the direction vectors of the edges of h{r) span 
A'k, one eventually determines a basis of [A)-^. 

Using this basis, it is easy to see that /C has the following form for 
large enough k. Namely, 

/Ci(xi, ...,Xb)= hi{xo,i, . . . , Xo,b)t^' 

3^0,1; • • • ; XO,b, ^i^i, 
+ ■■■ . 

Here Lj is a positive integer such that 

Li < L2 < ■ ■ ■ < L„ 

and hi, fij are polynomials. Terms of hi are given as follows. Namely, 
each of the one-velent vertices we used to define ai gives a contribution 
to the obstruction, whose leading term is of the form (— ) ■ (—) ■ (—) ■ 

■■■■ (-^) . (-^) . (-^) . t^^, with the data of direction in N^, as 
we calculated in Proposition HU The numbers ki,li,mi are determined 
by the data of v^o- The sum of these leading terms is zero, since (po is 
smoothable. A section n perturbs the numbers ki,li,mi by adding 

t ■ P(xo,i, . . . , Xo,b) + terms of higher order in t, 



Xl,b, 2:2,1, 



X2,b)t 



Li+2 
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here P is linear homogeneous in Xoi- Substituting these perturbed 

values of hji^mi to (^) ■ (-^) ■ (^) (-^) ■ (-^) ■ (-^), 

and expanding it with respect to t, the terms of /ij are given as the 
coefficients of t. Clearly, hi is linear homogeneous in xo,i, and does not 
depend on xj^i, j > 1. Note that the integer Li equals Mj + l, where Mi 
is the length of the path from to the loop L in the sense of Definition 
El 

By the assumption that the direction vectors of the edges of F span 
Nr, {hi} : = H^^Mco/Xo) C"^ is surjective. So it defines a sub- 
space of H^lN'co/Xo) of codimension a. The proposition follows from 
this and the above form oi JC. □ 

This can be thought of as an analogue of the local description of the 
moduli space, Lemma 7.2 of [9], and also of the transversality result 
for the moduli space. Proposition 7.3 of [9], replacing the incidence 
conditions there by the obstruction. 

6.2. Geometric interpretation. Let (F, h) be a genus one super- 
abundant tropical curve satisfying Assumption C, and y^o : Co — )■ Xq 
be a pre-log curve of type (T,h). We have seen that if (T,h) satis- 
fies the well-spacedness condition, then there exists (po which can be 
smoothed to any order in t (Theorems SHI [32]) . and at each such a 
pre-log curve, the solution space of the Kuranishi map is modeled on 
a hnear subspace of H^{Mco/Xo) of codimension a = dim if (Proposi- 
tion [55]). In particular, the moduli space of smoothing is smooth in 
appropriate sense. 

The rest of the problem for describing the moduli space is, to under- 
stand how it is written down using the data we have. In this subsection 
we give a description of the moduli space using the data of the tropical 
curve (F, h). 

Let (F, h) be a genus one superabundant tropical curve as above. 
Assume again that dim if = 1 for simplicity. Then, for the vanish- 
ing of the obstruction, essentially it suffices to look only at the one- 
valent vertices of F' whose distances to the loop are minimal. Let 
{«!, 02, • • • , Od} be the set of those one-valent vertices. Given a pre-log 
curve v^o : Co — )■ Xq of type (F, h), the leading term of the obstruction 
contributed from each component of Cq corresponding to the vertices 
ctj is calculated in Proposition [411 Now we study the meaning of 

Vmo/ Xmi) \mi) \mN-i J \mN-i J \mN J 

in terms of tropical geometry. For general cases when dim if is not 
necessarily one, contributions to the leading terms of the obstruction 
may come from the vertices in F \ F', as discussed in Step 6 in the 
previous section. However, the computation of the leading terms of 
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the obstruction contributed from these vertices is completely the same 
as what we did so far, and the discussion below applies to them as well. 

6.2.1. Review of tropicalization. Recall the tropicalization of a complex 
curve in (C*)^ from [1]. Let 

Log : {C* f 

be a map defined by 

{x,y) H-> (log |x|,log|y|), 
and let : (C*)^ {C*f, r > 1, be a map defined by 

1 X ^ y 
{x,y) (— )■ (|a;|i°g^-j — \y\'^ — r). 

fI \y\ 

Let us define 

Logr = Log o : (C*)^ -> R^. 
The tropicalization of a complex curve Q C (C*)^ is given by the limit 

lim LogriQ). 

For a fixed Q, the result is a union of rays emanating from the origin. 
To obtain more non-trivial result, one considers a curve whose defining 
equation contains powers of r in its coefficients, and takes the above 
limit. 

In our case, we consider a family of lines L^: 

T^X + T^y + 1 = 0, 

here a,b are real numbers. Mikhalkin Lemma 8.3 and its proof, 
shows that the tropicalization of L^ is the tropical curve defined by the 
tropical polynomial 

max{a + x,b + y,0} 

(in this particular case, it is easy to prove it directly). This is the union 
of rays mx,my parallel to the x- and y- axes, and another ray parallel 
to the line {x = y}, all emanating from a unique vertex v. 

Conversely, suppose that we are given a standard tropical line in 
whose vertex is at (—a, —6), that is, the tropical line given by 
the tropical polynomial max{a + x,b + y,0} above. These curves are 
parametrized by the position of the vertex, so the moduli space Ai 
is isomorphic to M^. This isomorphism is fixed once we determine 
the base point (—a, —6). There is an obvious bijection between the 
set of torically transverse lines in and the 'complexification' of Ai, 
Mc = M X (5*^)^ = (C*)^, for each r > 1. Namely, for a complex line 
kx + ly + m = 0, the corresponding point in Aic is 



j ^t(argfc-argm) _ 

Vlogr 



k_ 

m 



gi(argi-argm) _ j^g 

logr 



/ 

m 
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Taking the real part, we obtain a point 

/ 





k 




( , -log 




— a 


Vlogr 


m 





logr 



log 



m 



-b 



in Ai, giving the corresponding tropical line. We call this a tropical- 
ization with modulus r. 

Although this correspondence depends on the choice of the positive 
real number r, there is a natural map between them for different r, 
once we fix a curve, for example, x + |/ + l = 0, asa base point on the 
side of moduli of holomorphic lines, and take (0, 0) as a base point for 
}A = M?. Namely, the map between r and r' is given by magnification 

log r' ■ 

For convenience, we extend the definition of path length of tropical 
curves defined over integers (Definition [38]) to tropical curves defined 
over rational numbers. Let (F, h) be any tropical curve satisfying As- 
sumption A. Let E be an edge of F and € = h{E) be its image. Let 
be the primitive integral generator of £ (one may choose the sign arbi- 
trarily, it does not affect the definition). We take a standard integral 
basis of iV]K = (x3 M, and fix a standard Euclidean norm || ■ || on the 
vectors in and the associated distance function (i(-, ■) on N^. 

Definition 56. Let x, y be two points on C and assume C is not an 
unbounded edge. Let w be the weight of the edge Note that by 
Assumption A, when (£ is not unbounded, then its weight is a single 
integer. Then we define the length of the segment xy by 

d{x, y) 

d(r,h){xy) - 



w II V^f 



If P is a path on h{T), we define its length d{Y^h){V) by the obvious 
extension of this. 

This is a modification of the distance function used by Mikhalkin 
and Zhalkov in their paper [B]. Clearly, when the ends of V are lattice 
points, then d(^r,h){,'P) is nothing but the length i(r,h){T^) of T^- 



6.2.2. Cases of two vertices. For later use, we extend the above consid- 
eration to the case of trivalent tropical curves with two vertices. There 
are two cases: 

(1) The tropical curve is contained in an affine plane. 

(2) The tropical curve is not contained in a plane, but in a three 
dimensional subspace. 

First we consider the case (2). We consider an immersive tropical curve 
whose type is given by (Fq, h) in the figure below. 

Here all the edges have weight one, and the directions of the edges 
El, E2 and E^, are (—1, 0, 0), (0, —1, 0) and (0, 0, —1), respectively. 
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Figure 18. 



Although general tropicalization is argued only for two dimensional 
ambient spaces in it is easy to extend it to three dimensional ambi- 
ent spaces in these particularly simple cases. The corresponding holo- 
morphic curves are lines in P^, and they are given by equations 



Replacing a, (3, 7, 6 by r", r^, r^, r'^ with a, b,c,dE M, we perform trop- 
icalization. Then one easily sees that the vertices are given by 



where we need to impose a > c so that the tropical curve has the above 
combinatorial type. In general, the combinatorial type of the tropical 
curve depends of the values of a and c. However, whatever the values 
of a and c are (so the combinatorial type may change), the length of 
the bounded edge Et, (in the sense of Definition 1561) is |a — c|. 

Any trivalent immersive tropical curve with two vertices which is 
not contained in an affine plane is obtained by a linear transformation 
of these standard tropical curves. When such a tropical curve {T,h), 
whose bounded edge has weight w, is obtained by transforming the 
standard tropical curve above, it is easy to see that the bounded edge 
has length w\a — c\. 

As in the one- vertex case discussed above, these tropicalization can 
be lifted to the version parametrized by r. Namely, to the lines in 
given by the equations above, we assign a tropical curve whose vertices 
are 



The length of the bounded edge depends on r, but when we fix a curve 
as a base point (in the above case, the curve x + y + l = 0,x + z + l = 
for example) of the moduli, there are natural maps between these 
tropicalizations. 

On the other hand, the length of the bounded edge depends only 
on the values of - and w, or, the value of I -I"" (or I -I"'. We should 
take the one which is larger than one so that the corresponding edge 



ax + /3y +1=0, -fx + 6z + l = 0, 



{-a,-b,-d), {-c,-b, 



d), 
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has positive length.), aside from r. In the main text, the quantity |^| 
corresponds to 





Wi 








h 


rrii-i 







Remark 57. Here, we are considering a tropicalization of pre- log ra- 
tional curves which have four intersections with the toric divisors, so 
that the corresponding tropical curve is, generically, has two trivalent 
vertices. While in the main text, tropical curves are (when it is im- 
mersive) combinatorial counter part of maximally degenerate curves, 
whose components intersect the toric divisor at three points. In the 
latter case, the tropicalization of each component has no bounded edge 
and we cannot discuss about the length. 

However, according to [9] (see also Subsection \5. 2) . there is a natural 
correspondence between generic pre-log rational curves which have four 
intersections with the toric divisors, and maximally degenerate pre- 
log curves with two components. Using this correspondence, we can 
talk about the length of the bounded edges of the tropicalization of the 
maximally degenerate curves, and the above relation between \^y" and 

is deduced from this correspondence. 



is always larger than one by 

construction (otherwise, it causes a contradiction geometrically). Then, 
the length of the bounded edge in the sense of Definition [56] is given by 





Wi 


U_ 


Wi 






rrii 





Note that the value 



ki-l 


Wi 


A. 


Wi 






nii 





1 1 




ki-i 


Wi 


k 


Wi log r 


rrii-i 







logr 



log 



ki 



-1 



rrii-i 



log 



Next, let us consider the case (1), that is, when the tropical curve is 
contained in an affine plane. Note that these curves can be obtained 
by projecting appropriate curves of the case (2) above by a projection 



to the first two factors. Note that this preserves the integral length (so 
the length of Definition [SB]) of the bounded edge. In general, it is hard 
to write down the defining equation of the projected curve, however, in 
Subsection 15.1.3^ we parametrized these curves by their coverings, and 
such a covering is obtained by the composition of the linear transforma- 
tion from the standard tropical curve considered above, and the projec- 
tion. So, the local moduli parameters are just the coefficients a, /3, 7, 5 

above, and the correspondence between l-l"" and 



hi- 



rrii-i 



Wi 



given 

in the case (2) is valid in this case, too. 

Summarizing, we have the following, we use the same notation as in 
Section [5] (see, in particular. Subsections 15. 1 .21 and 15. 1 .3]) . 
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Proposition 58. Let (F, h) be an immersive superabundant genus one 
curve, and take a path V connecting a one valent vertex of V and the 
loop. Consider a pre-log curve ip^ : Cq ^ Xq of type {T,h). Let Fj 
be the tropical curve with two vertices Q;j,aj+i ofV, obtained by taking 
a neighborhood of the edge connecting Oi and at+i. Then, under the 
tropicalizaion with modulus t, the bounded edge corresponding to the 

and in 



node between the components 

' log 



logr 



log 



of Co has length 

ki 
rrti 



□ 



Remark 59. Note that the bounded edges of the tropical curve (F, h) 
has its own length. The length of the bounded edges of the tropicaliza- 



tion 



logr 



(log 


ki-1 


+ log 




nii-i 





nii 



in the above proposition) is apri- 



ori unrelated to the length of the corresponding edge o/(F, h). In terms 
of Remark the length of the edges of{r,h) is related to the macro- 
scopic aspect of the tropical curve, while the length of the tropicalization 
is related to the microscopic aspect of it. 

6.2.3. Immersive case. Here we assume (F, h) is immersive, and deal 
with more general cases later. Before stating the next result, we note 
the following remark. 

Remark 60. In our study of the correspondence between tropical curves 
and holomorphic curves, tropical curves play two roles, (1) "macro- 
scopic" and (2) "microscopic" , so to speak. 

(1) First, a tropical curve is considered as a part of a polyhedral 
decomposition of N^, determining the degeneration of a toric 
variety. In this interpretation, the integral lengths of the edges 
correspond to the order oft. The well-spacedness condition is 
deduced from this, and is enough for proving the existence of at 
least one smoothing. 

(2) Second, tropical curves are considered as the combinatorial coun- 
terpart of pre-log curves in Xq. In this case, the integral lengths 
of the edges correspond to the moduli of the pre-log curves. Of 
course, the order oft is also related to the moduli, but this side 
looks more refined data (fixing the order oft). In this subsec- 
tion, we are studying this side. 

Clearly, these two interpretations are mutually related. This can be 
particularly obserbed in Theorems l63 below. 

In [9], since there was no need to consider the order oft, these two 
roles were not specifically distinguished. 

Now let us interpret the vanishing of the obstruction from tropical 
geometry. Again, in the main text we assume that dimH = 1 for 
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the simphcity of the explanation. When dim if is larger than one, we 
argue inductively as in Step 6 of Section O Recall we are assuming 
{T,h) is immersive (see Theorem for the non- immersive case). As 
we mentioned in Remark EHl in this subsection the tropical curves are 
the combinatorial counterpart of the holomorphic curves in Xq. In 
particular, the degeneration X is already fixed so that there are at 
least two components of (po{Co) corresponding to one-valent vertices of 
r' which have the following properties: 

• We can calculate the leading terms of the obstructions con- 
tributed from these components, as in Section O These terms 
have the data of the order of t, and the orders of the obstruc- 
tions contributed from these components are the same. 

• This order of t is minimal among the obstructions contributed 
from the components of v^(Co) corresponding to the one-valent 
vertices of T'. 

In fact, generically there are only two such vertices, since the set of 
those tropical curves which have more than two vertices with the prop- 
erties above is contained in a lower dimensional subset in the set of 
tropical curves satisfying the well-spacedness condition. So we assume 
that there are just two such vertices. Let V, V be the paths from these 
vertices to the loop. 

Then the leading terms of the obstruction contributed from these 
vertices are, according to Proposition HT], written in the following form: 

0,= {^].(^].(^] tK^g^^ 



The leading term of the obstruction vanishes when the sum of the 
pairings of a generator of the space H with these vectors is zero. This 
implies that 



(6) 



mo J \mi J ymi J yniN-i J ymjv_i J \mN 

'A 



for some constant c. The constant c appears because the vectors zd^ 
and wdw do not necessarily have the same value of the pairings with a 
generator of the space H. 

So the equality above is equivalent to the statement that, when we 
consider the tropicalization with modulus r of the pre-log curve y^o '■ 
Co — >■ Xq (this is done by grafting the tropicalization of the pre-log 
curves with two components, corresponding to each neighboring two 
vertices, which, as noted above, can be considered as a tropicalization 
of a curve which intersects the toric divisors at four points.), then the 
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length of the paths V and V satisfies 



(7) 



div,h){V) = dir,h){V') + 



logc 
logr' 



Now we want to study the locus satisfying this condition in the space 
which parametrizes the genus one tropical curves of given degree. Al- 
though it is almost doubtless that such a space has a natural structure 
of a tropical variety, it does not seem to exist a result which is applicable 
to our situation (for genus zero case, see [1], for example). However, 
because of the genericity of the incidence conditions (see Subsection 
16. 3p . we do not need general theory of moduli space of tropical curves. 

According to Proposition [9l when we fix the combinatorial type, 
the space which parametrizes tropical curves of a given type is an un- 
bounded open convex polyhedron (although it is stated for trivalent 
curves, it is easy to extend it so that it allows more general valency). 

In this subsection, we are assuming that the tropical curve is immer- 
sive, in particular, trivalent. So when we fix the combinatorial type, 
the moduli space is a convex polyhedron, and the condition imposed 
by equation ([7]) cuts the polyhedron by a hyperplane. When r is large 
enough, we can take this hyperplane arbitrarily close to the hyperplane 
given by 



which corresponds to the well-spacedness condition (precisely speak- 
ing, in a slightly extended sense, see Remark-Definition [6T] below) . As 
mentioned above, we will take the incidence conditions to be generic 
in the next section. So these conditions cut the polyhedron by generic 
piecewise linear conditions. In fact, assuming the incidence conditions 
to be generic, it suffices to consider only maximal dimensional faces 
of the polyhedron for enumeration problems. So, if r is large enough, 
when we use the moduli spaces given by the equations (j7]) and ([H]), 
there is a canonical one-to-one correspondence between the solutions 
to the enumeration problem considered on these spaces. 

On the other hand, when the tropical curve is immersive and the 
combinatorial type is fixed, the moduli space of pre-log curves of type 
(r, h) is locally isomorphic to the complexification of the moduli space 
of tropical curves containing (F, h). Namely, the moduli space of tropi- 
cal curves is an open convex polyhedron which is contained in an affine 
subspace L defined over rational numbers in an affine space Z*" ® R for 
some m. Consider Z™" ® C*, and its universal cover Z*" (g> C. Let L be 
the linear subspace parallel to L. Then L ® C is a subspace of Z™ C, 
and since L is defined over rational numbers, its image in Z"* C* is 
a closed subspace of real dimension 2dimL. So there is a well-defined 
'complexification' of the moduli space of tropical curves, and this is 
locally isomorphic to the moduli space of corresponding pre-log curves 



(8) 
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('locally' because there may be several pre-log curves corresponding to 
a fixed tropical curve). 

Equation (jTj) or ([S]) for the lengths of the paths V, V cuts a hy- 
persurface of the moduli space of tropical curves. On the other hand, 
Equation (|6]) cuts a complexified hypersurface of the moduli space of 
pre-log curves. Thus, the solution space of Equation (|6]) is also a com- 
plexification of the solution space of Equation ([7]) or (|8]). 

Since for large r. Equations ([7]) and ([8]) gives the same enumerative 
result, we can use Equation (|8]) (that is, the well-spacedness condition) 
for the enumeration problems. 

Remark-Definition 61. From the point of view of parameterizing 
the smoothable tropical curves, it is convenient to extend the well- 
spacedness condition to the tropical curves defined over rational num- 
bers (or real numbers). Clearly, this is done by replacing the integral 
distance by the path length (i(r,h)- From now on, we understand the 
well-spacedness condition in this extended sense. 

Thus, the vanishing of the obstruction occurs, both macroscopically 
(meaning matching of the orders of t), and microscopically (meaning 
matching of the value of the residues), if and only if the well-spacedness 
condition is satisfied. We summarize it as follows, which is a strong 
form of Theorem H5l 

Theorem 62. Let (F, h) he an immersive genus one tropical curve. 
Then it is smoothable if and only if it satisfies the well-spacedness con- 
dition. Moreover, if : Cq — )■ is a pre-log curve of type (F, h) 
which is smoothable (see Definition {2^, then the set of smoothable 
pre-log curves near (po can be locally identified with the complexifica- 
tion of the moduli space of tropical curves near (F, h) which satisfies 
the well-spacedness condition. □ 

6.2.4. Non-immersive cases. We briefly remark on the non-immersive 
case (we still assume Assumption C). There are two cases relevant to 
us, namely Example 1 and Example 2 (b) in Subsection 15. 2[ We discuss 
each of these cases separately. 

We can assume that each four-valent vertex contributes to the lead- 
ing term of the obstruction, since otherwise the set of such tropical 
curves is contained in a lower dimensional subset in the set of tropical 
curves satisfying the well-spacedness condition. 

Case 1: Example 1. Macroscopically (i.e., seen as a subset of the 
polyhedral decomposition of which determines the toric degener- 
ation j£), this case corresponds to a four-valent vertex such that one 
of the edges emanating from it has a weight of the form (^1,^2). In 
particular, it behaves just as a usual trivalent vertex in the image h{T). 

Microscopically, as we calculated in Subsection 15. 2[ the torically 
transverse curves corresponding to this type of four-valent vertices are 
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locally parametrized by (a; 6, c; ai, . . . , a„_2) G C x (C*)^ x (C*)""^, 
through the defining equations (we assume the smoothness of the cor- 
responding toric surface, the general cases can be treated as in Example 
1 in Subsection 15.21) 

x'^ + ax + b + cz = 0, y = 0, Wi = ai, . . . , Wn-2 = cin-2- 

There, we saw that the vanishing of the leading term of the obstruction 
was equivalent to the vanishing of the coefficient a (Proposition l46i) . 
Thus, such curves are parametrized by (6, c; ai, . . . , 0^-2) £ (C*)^ x 
(C*)""^. Then it is easy to see that, microscopically too, the tropi- 
calization is a tropical curve whose image in has just one trivalent 
vertex. That is, the tropicalizations (for any r) of these curves are com- 
binatorially the same as tropical lines, which is the same conclusion as 
the macroscopic consideration. 

It is not difficult to extend the relation between the moduli of the 
pre-log curve and the length of the bounded edge of the tropicalization, 
as Remark [571 to this case. However, if a tropical curve with this type 
of vertex satisfies a generic incidence condition, then the leading term 
of the obstruction contributed from this vertex must vanish, so the 
length of the path from it to the loop does not matter. This is the 
same for the next case, too. 

In this case, the moduli space of these tropical curves is a facet of an 
open convex polyhedron which is the moduli space of trivalent tropical 
curves obtained by deforming the four-valent vertex into two trivalent 
vertices. But, the fact that the moduli space of corresponding pre-log 
curves with vanishing obstruction is obtained as the complexification 
is the same as in the immersive case. Thus, in this case, we reach 
to the same conclusion as Theorem [62] (with extended well-spacedness 
condition. Definition [5T]) . 

Case 2: Example 2 (b). Macroscopically, this case corresponds to 
a four-valent vertex such that the image of the corresponding vertex 
in h(r) also has four different edges (in other words, the weight (see 
Definition [Hj (iii) ) of every edge is given by a single integer) . 

Microscopically, as we calculated in Subsection 15. 2[ the torically 
transverse curves corresponding to this type of four-valent vertices are 
parametrized by (a, 6, e, /; a2, . . . , a„_2) G (C*)"^ x (C*)*^"^, through the 
defining equations 

ax + z + b = 0, ex + wi + f = 0, y = 0, 1^2 = 02, • • • , = O'n-2- 

Again we assumed the smoothness for simplicity. 

According to the calculation there, one sees that the vanishing of the 
leading term of the obstruction is equivalent to 

a e 
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for some fixed constant c. One sees that, this condition imphes that 
the tropicahzation of the curve as above is a tropical curve with only 
one vertex which is four-valent, in the limit r — > oo. 

For large but finite r, the tropicahzation has two trivalent vertices. 
However, since the length of the bounded edge is fixed (explicitly, y^), 
the moduli is isomorphic to M^, determined by the place of one of the 
vertices. Thus, in this case too, the moduli space of pre-log curves 
with vanishing obstruction is isomorphic to the complexification of the 
moduli of the tropical curves with the condition for the length of the 
edges. Also, by the same reasoning as in the immersive case, for large 
enough r, we can replace the condition for the length by the well- 
spacedness condition for enumeration problems. 

Thus, we obtain the following generalization of Theorem W2\ 

Theorem 63. The same conclusion as Theorem\U^ holds for not nec- 
essarily immersive genus one superabundant tropical curves satisfying 
Assumption C. □ 

6.3. Enumerative result. In this subsection, using the Kuranishi 
map and the results of |9j, we deduce the enumerative correspondence 
between tropical curves and holomorphic curves for genus one case, 
analogous to Theorem 8.3 of [9]. 

First we briefly recall some terminologies concerning incidence con- 
ditions from mj, which are necessary to state the result. See [5] for 
more details. 

Definition 64. For d = {di, . . . ,di) G N', an affine constraint of codi- 
mension d is an /-tuple A = [Ai, . . . ,Ai) of affine subspaces Ai C iV]R, 
defined over rational numbers, with 

dimAj = n — di — 1. 

An /-marked tropical curve (F, E, h) matches the affine constraint A if 

h{E,) n A, 7^ 0, 1 = 1,..., I. 

Let us fix a degree A : \ {0} N. Now let 

L = {L^,...,Ll) 

be a set of linear subspaces of Nq, with codimLj = di + 1. Assume 

I 

di = dim E 

1=1 

(the space E is defined in Proposition [SS]) . 
Let 

A = {Ai,...,Ai), 

Ai is parallel to Li, be a general affine constraint (see Definition 2.3, 
[9], there it is defined for rational tropical curves, but it obviously 
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generalizes to any genus) for tropical curves of the same combinatorial 
type as {T,h). 

Let be a polyhedral decomposition of containing h(T) in its 
1-skeleton. As in [S], we assume that any intersection point of Ai with 
h{r) is a vertex of For each face H G let C(H) be the closure 
of the cone spanned by S x {1} in A^k x M: 

C{E) = {a - (n, 1) I a > 0,n e S}. 

Then 

S,^ = {ac C{E) I a is a face of C{E), E e ^} 

is a fan covering x M>o. Lemma 3.3 of [9] shows that, if we identify 
Nr with iVK X {0} C iViR X M, then 

E,^ = {an (A'k X {0}) I 0- G S^} 

is a complete fan in Ajr and defines a toric variety associated to (F, h). 
The fan S ^ defines a toric degeneration j£ — > C of X defined respecting 

{r,h). 

For an affine subspace Ai of Ajr, let C{Ai) be the cone 
C{Ai) = {a-{n,l)\a>0,ne Ai} C A'r x M, 

and let LC{Ai) be the linear subspace of x R spanned by C(Aj). 
We write by G(LC(A)) the subtorus of the big torus C* ® {N ® Z) 
acting on X. 
Let 

Pi,...,Pi GX(S) 

be general points. Let 

Z, = G{LC{A,)).Pi 

be the closure of the orbit through Pj. We write by 

Z = {Z,,...,Zi) 

the incidence conditions for holomorphic curves. 

Knowing the correspondence between well-spaced tropical curves and 
smoothable pre-log curves (Theorems [621 1631) . the number of different 
families of smoothings incident to the subvarieties Z = {Zi} is calcu- 
lated by the same method as [5]. Namely, 

(i) Count the number of stable maps to Xq satisfying the incidence 
conditions {Z,/ fl Xq} (Proposition 5.7, [9]). 

(ii) For each stable map above, calculate the number of different fam- 
ilies of smoothings of it (Propositions 7.1, 7.3 and Section 8 of 

i)- 

Fix a marking E of F. Using the same notation as |9], let 2)(F, E, h, A) 
be the number of unmarked pre-log curves y^o : Co — )■ Xq of type (F, h) 
satisfying the incidence conditions. Let X^^i be the component of Xq 
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corresponding to the vertex 5Jj G fl h{T), and Co,i be the component 
of Co mapped to Xo i. 

We remark that if (F, h) is not immersive, so there is a four-valent 
vertex 5J in h(T), and if Vi,V2 are the vertices of T mapped to QJ, the 
node between the components in Co corresponding to vi and V2 are 
smoothed, and these components are merged into one rational compo- 
nent. 

Also note that as in [9] , we add divalent vertices to F at the intersec- 
tion points of the constraints Ai with the images of the marked edges 
£j = h{Ei), and correspondingly we add rational components to Cq. 

An exceptional case is, when an edge (S with weight {wi,W2) inter- 
sects a constraint A. In this case, if Ei,E2 C F are inverse images of 
C and at least one of them is marked, then we add a divalent vertex 
to each Ei even if one of them is not marked. This is just for the 
well-definedness of the map from Co to Xq. Theoretically, there is a 
possibility that both Ei and E2 are marked, but this does not happen 
when the constraints are generic. 

Let 5j(F,E, /i. A) be the number of intersection points of Zj and 
^o{Co,i) (see Remark 1^71) . This number can be calculated from the 
data of (F, /i) and A^ (see Definition [Ml below and Remark 5.8, [S]). 
Then ^ 

D(F, E, h, A) := S)(F, E, /i. A) ■ J] 5,(F, E, h, A) 

i 

is the number of marked pre-log curves of type (F, h) satisfying the 
incidence conditions. 

Then, the argument in Section 7 of [9] shows that given a marked 
pre-log curve 

^0 : (Co,x) ^ (Xo,Z), 

it has w(F,E, /i) (Definition [T6l) different families of smoothings. 

Remark 65. Note that this argument is valid even if some of the edges 
have weight of the form {wi, . . . , Wk) (in our genus one case, generically 
only k = 2 case can appear on the unbounded edges). 

So it suffices to calculate S)(F, E, h, A) in our situation. In Proposi- 
tion 5.7, [9], it is defined as the index of the inclusion of the lattices, 
(9) 

Map{r^''\N) ^ nseriii\r'^i N/Zu(^9-e,e) x [iLi iV/(Qw(a-i?„i?,) + ^(A)) n N, 
h ^ md+Ef-h{d~E))E,{h{d-E,)),). 

Here : T^-^^ \ F^*^' is an arbitrary chosen orientation of the 

bounded edges, that is, dE = {d~E, d~^E}. For E G f[^, d~E denotes 
the unique vertex adjacent to E. 

Definition 66. Using this notation, the number of intersections 5j(F, E, h, A) 
is given by the product 

6i{T,E,h,A) = w{Ei)-[{Qu(^9^E,^E,)+L{Ai))nN : Zu^9-E,^E,)+L{A,)nN]. 
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Remark 67. Note that the actual number of intersection with Zi and 
^o{Co) is in general larger than Si, when the image h{Ei) has weight of 
the form {wi, . . . , Wk)- In fact, this number is 

Ws{h{Ei)) ■ [{Qu(^9'E,,E,) + L{Ai)) n N : Zu^d-E,,E,) + HA^) D N], 

here Ws{h{Ei)) is the total additive weight (Definition [7^. However, 
only w{Ei) ■ [{Qui^9-E,,E,) + L{Ai)) n N : 'Lu^a-E^.E,) + L{Ai) n N] of 
them are compatible with the marking. 

6.3.1. Calculation of index I. Immersive cases. In our case with ob- 
struction, the rank of the module on the left hand side of Equation ([9]) 
is larger than that of the right hand side. We show how to modify it in 
our case, first assuming (F, h) is immersive. Non-immersive cases are 
treated later. 

So assuming (F, h) is immersive, we first consider the part of the 
above map 

Pi:Map(FM,iV) -> ]\j^^^,,,^^,^N /Zui^9-E,E): 

h ^ {h{d+E)-h{d-E))E, 

and let us denote by its kernel. The space *Jt (more precisely, when 
tensored with M) contains the moduli space of tropical curves of the 
same combinatorial type as (F, h) as a maximal dimensional convex 
polyhedron. 

Let a be the dimension of the dual obstruction space H. If is a 
vertex of F and P„ is the unique path from v to the loop, then the path 
length d(^r,h){,'Pv) is an affine function on OT. 

Let C be the set of tropical curves of the same combinatorial 
type as (F, h) satisfying the well-spacedness condition. The set Ai is 
defined as follows. Namely, let 

{ai, . . . , tta} 

be a basis of H. Let 

Vi,l, . . . ,Vi^ki 

be vertices of h{r) satisfying the following condition. That is, let Lij 
be the subspace of spanned by the edges emanating from Vij (this 
is two dimensional because we are assuming (F, h) is immersive). Then 
the condition is that there is a vector in Lij such that the pairing with 
ai is not zero. Let dij be the length of the path from the vertex Vij to 
the loop. As noted above, this is an affine function on 91. In particular, 
dij can be considered as a monomial on in the tropical sense. Then 
the set is defined by the tropical polynomials 

max{-di_i, ■ ■ ■ , -rfi,fcj, z = 1, . . . , a. 

In particular, A4 has a natural structure of tropical manifold. 

Let X G be a point corresponding to a generic well-spaced trop- 
ical curve (T,hx)- Here generic means that if {/i, . . . , /q} is the set of 
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tropical polynomials defining A4 near X, then for each /j, just two of 
the terms of it take the maximum. 

Then, for each i, two vertices Vi^i, Vi^2 of which give the maximum 
of fi, are determined. Let Ux,m. be a suitable neighborhood of X in 
9^1 ® M. If necessary, we scale (F, hx) and the incidence conditions so 
that there are enough number of integral points in Ux,r- Let Ux be 
the set of integral points in Ux,r, that is, Ux = Ux,r H 91. On Ux, we 
define the map 

P2:Ux^ (jlN/ {{Qu^9-E,,E,) + HA,)) n N)^ x 

by 

Y ^ {{hY{d-Ei))i, {dj^i - dj^2)j=i,...,a) ■ 
From Pi and P2, an inclusion of lattices 

Map(FM,iV) ^ J] iV/ZM(a-£;,£;)X f J]iV/ {{Qu^e-E^^E^^ + L{A,)) n N) 

is defined. Note that this may depend on the choice of a point X of 
M. 

Definition 68. For each Y G P2^{0), we define the number D(F, E, h, A, Y) 
to be the lattice index of the above inclusion of lattices. Furthermore, 
we define 

I 

S(r, E, h, A, Y) := 2)(F, E, h, A Y) H Si{T, E, h, A) 

i=l 

6.3.2. Calculation of index II. General cases. In general, some vertices 
of /i(r) may be four-valent. These tropical curves are parametrized 
by appropriate face (more precisely, the interior of such a face) of the 
closure of the convex polyhedron in 9t appeared in the immersive cases. 
Instead, we can also think that they are immersive tropical curves, 
with the domain curve F modified, namely, some of the edges of F 
are contracted or merged. We take the latter viewpoint and fix a 
combinatorial type (Fi,m : FFi — )■ N) (Definition [6]). Let vi,...,Vb 
be the four-valent vertices of Fi. As in Subsection 16. 2. 4^ we assume 
that each four-valent vertex contributes to the leading term of the 
obstruction. 

Then we consider a map as above: 

Pi:Map(Ffl,iV) ^ llEer^l\ir,)^^ N/^^id-E,E), 

h ^ {h{d+E) -h{d-E))E, 

and let DTi be its kernel. Let A^i C 9Ti be the set of tropical curves of 
given combinatorial type satisfying the well-spacedness condition, and 
let X = (Ti,hx) G M.1 be an element. Then, (Ti,hx) satisfies the 
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following condition: 

For each f j, let £j be the linear subspace of spanned by the edges of 
hx(Xi) emanating from hxivi). Let £ be the subspace of spanned 
by £i, . . . , £6 and A (the plane spanned by the loop). Then, £ has 
CO dimension a — 6 in N^. 

Let 

{ai, . . . , Oa-fe} 

be a basis of C H . Using this basis, we can construct a set of 
tropical polynomials {/i, . . . , /a_{,} on DTi as in the immersive case. 
Then, the set A^i is a subset of the tropical variety V defined by 
these tropical polynomials. Note that, contrary to the immersive case, 
some of the points of V may not be contained in tVIi, because some 
trivalent vertices of h{Ti) with the property that the leading terms of 
the contributions to the obstruction from them have the directions in 
the space spanned by £1 U ■ ■ ■ U can be closer to the loop than 
four-valent vertices. 

Now suppose X G A^i is generic in the same sense as before. Then, 
as in the immersive case, we define the map 

P2:Ux-^ {\{N/ ((QM(a-B,,^,) n7V)j x Z""^ 

where Ux is a suitable neighborhood of X in From Pi and P21 an 
inclusion of lattices 

Map(rfl,iV)^ W iV/Zn(a-^,^)xf J]iV/((Qu(a-B„i,,) + ^(^*))n^) ) x^' 
serW\(ri)W Vi=i 

is defined. Then the index is defined as before. 

Definition 69. We define the number D(r, E, /i. A, X) to be the lat- 
tice index of the above inclusion of lattices. Furthermore, we define 

I 

S(r, E, h, A, X) ■= D(r, E, h, A X) Y[ 6i{r, E, h, A) 

i=l 

6.3.3. Enumerative invariants. The numbers N^°^{A) and ^^'^(L) 
are defined in the same way as in Definitions 8.1 and 8.2 of [S]. 

Definition 70. The number N'^'^{A) is the weighted count of the 
genus one tropical curves of degree A matching the affine constraint A 
and satisfying the well-spacedness condition: 

<a(a)= ^(r,E,M-^(r,E,/i,A,r). 

(r,E,fty)6X»f.^(A) 
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Here T^;^(A) is the set of well-spaced genus one /-marked tropical 
curves of degree A matching A. 

Note that non-superabundant curves are automatically well-spaced. 

On the other hand, A'^j^^^(L) is the genuine count of the genus one 
stable maps of degree A (see Section 8 of [9]), satisfying the incidence 
condition Z fas in El , we write NfliL) instead of iVfX(Z) because this 
number depends only on L, not on Z, if Z is generally chosen). 

Then using Proposition[55l one can prove the analogue of Proposition 
7.3 of [9], with H^{Mco/Xo) replaced by the subspace E, which is the 
local model of the moduli space Ai. Then the proof of Theorem 8.3 of 
[9] applies and we have the following enumerative result. 

Theorem 71. The numbers NI^'^{A) and A''^'_|(L) are finite, do not 
depend on the incidence conditions as long as they are generically cho- 
sen, and the equality 

iV,7(A) = NfXiL) 
holds. □ 

We note that when the affine constraint A is generic, then any trop- 
ical curve matching A satisfies Assumption C, according to Lemma 

SHI 

7. Correspondence theorem for superabundant curves 

III: Higher genus 

In this section, we study the smoothability of the pre-log curves of 
type {T,h), where (T,h) is a superabundant genus g tropical curve. 
We still assume Assumption A. As we saw in Remark [331 and Example 
ISOj this is too strong an assumption for the enumeration problems. So 
the results for higher genus curves are necessarily weaker than those 
for genus one case. In particular, we do not pursue enumeration prob- 
lem for higher genus curves in this paper. Instead, in this section we 
establish a general framework and leave these problems to future study. 

7.1. Supports of dual obstruction vectors. We know the descrip- 
tion of the dual space H of the obstructions by Theorem [301 There, 
each bouquet (Definition [T^D of T was decomposed into piecewise linear 
segments {Im}- An element a ^ H associates a vector Um € (A^'c)^ to 
each IfYi' 

Definition 72. The support of a G -ff is the union of those segments 
{Im} such that Um 7^ 0. We write it as Supp{a). 

It is clear that for any a, Supp{a) is a union of loops (in particular, 
there is no one valent end). 

Now we decompose F as in Figure [2] into the loop part and the other 
part. Let L = ULj be the loop part where each Lj is a bouquet. We 
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can take a basis of H so that for each element a of it, there is some 
i such that Supp{a) C Lj. We write the part of this basis with this 
property as 

{ttj^i, . . . , aij-}. 

Note that since we keep Assumption A, we can identify Lj with its 
image by h. 

The basic strategy for the study of the smoothabihty of pre-log curves 
is the same as in the genus one case. Namely, starting from a pre-log 
curve : Co — )■ X of type (F, h), we proceed as follows: 

(1) Assume we have constructed a k-th order smoothing ipk : Ck ^ 
X of (po. For each smoothing corresponding to a section n G 
H^{Mco/Xo) ® C[t]/t^ near ipk, we calculate the obstruction. 

(2) From these obstructions, define the Kuranishi map. 

(3) Study the zero locus of the Kuranishi map. 

7.2. Kuranishi map. In this subsection, we define the Kuranishi map 
for (lifts of) pre-log curves ipo : Cq ^ X of type (T,h). There is one 
difference from the genus one case concerning the process (1) above. 
Namely, the Kuranishi map may be defined only on some subset of 
H^i^Co/Xo) ® C[t]/t'=. Now we explain this point. 

In genus one case, the domain of the Kuranishi map was H^{N'cq/Xo)® 
<C\t\/t^ . This was possible because the components of Co \ Cl were ra- 
tional curves and so smoothable in any order of t. In particular, given a 
fc-th order smoothing ipk '■ Ck ^ X, any element of i7°(A/c'o/Xo)®C[t]/t'^ 
gives smoothings of these components, and it enables us to calculate 
the obstructions, and the Kuranishi map. 

On the other hand, for higher genus case, fixing a connected com- 
ponent Li of loops of F, the components of Co \ Cl- need not be 
always smoothable. Thus, in the situation above, some elements of 
H^{Mcq/Xo) 'S)C[t]/t'' may not correspond to smoothings of these com- 
ponents, and for them we cannot define obstructions for the smoothing 
to the {k + l)-th order. As a result, we cannot define the Kuranishi 
map on these elements. 

Now assume we have a k-th order smoothing ipk : Ck ^ X. Let 
be the set of connected components of Co \ Cl^. Note that by 
construction, the closure of each component B G has just one 
intersection with Cr . 

Definition 73. Let be the subset of H^{Mcq/Xo) ® C[t]/t'= de- 

fined by the following property. Namely, n G H'^{N'co/Xo) ® €.[t]/t^ 
belongs to W^^^Li if and only if for each B G iS^-, there is the A;-th 
order smoothing of ^Pq\b obtained by perturbing ip^ by nl^. 

For such n, we can calculate the obstruction at L^. Namely, for each 
B G BLi, ^6 calculate it just as Step 6 in Section [5] (Definition HS]). 
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Definition 74. We write by o{ipk] n; Lj, B) the obstruction calculated 
in tliis way for B G Bl^. Tlien, we define tlie obstruction for by 

o(v5fc;n;Li)= ^ o(v9fc; n; Lj, 5). 
This is defined only for n G W^^^^Li- 

Definition 75. Let us define the subset W^^ of H°{Afco/Xo) ® 

by 

Definition 76. For each Li, we define the Kuranishi map of order /c 
at ipk and Lj 

by 

n t-^ {(ai,m, o(v9fe; n; Li))}m=i,...,j,- 

Here ( • , ■ ) is the natural pairing between the germs of iVc-valued 
rational sections and elements of H (Definition [53]) . 

The Kuranishi map of order k at is the collection of /C^,.: 

{iKM)}L. = {{ai,m,o{ipk;n; L,))}L,;m=i,...,n- 

Here a = dim H as usual. 

By construction, the following holds. 

Proposition 77. A perturbation of ipk corresponding to n & ^^'^ 
be lifted to a {k + l)-th order smoothing if and only if IC{n) = 0. □ 

Remark 78. Strictly speaking, in the statement of this proposition, 
the phrase 'a perturbation ofip^ corresponding to n & ^ipk ' ^■^ somewhat 
imprecise, because not every element ofW^^, corresponds to a k-th order 
lift of ipQ. That is, the restriction of ipo to each component of Bl. for 
each Li has a lift corresponding to n, but ipo itself does not necessarily 
have a lift corresponding to n. This is the same for the genus one case, 
too. 

As one may anticipate, it is very difficult to calculate the Kuranishi 
map in general situation. However, in low genus it is quite manageable. 
Also, in several situations general results can be proved. The rest of 
this section is devoted to give some of such examples. 

7.3. Genus two example. As noted above, for low genus curves we 
can study Kuranishi map in many cases. We leave the detailed study 
to future work and here we give some simple examples. 
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Figure 19. The edges drawn by bold lines are contained 
in a fixed affine plane. 

Example 79. Consider a pre-log curve associated to the following 
immersive genus two superabundant tropical curve (F, h) (Figure [12]) 
in R^: 

There is the unique connected component of the loops: L = LiU L2. 
For an element a of H, there are three possibilities for the support 
Supp{a): Li, L2 or Li U L2. 

As a basis of H, we can take 

ai, 02 G if 

such that 

Supp{ai) = Li, Supp{a2) = L2. 

In this case, we can calculate the obstruction by a straightforward 
extension of the calculation in Section [51 Since 02 couples with these 
obstructions always trivially, the necessary and sufficient condition for 
the existence of a smoothable pre-log curve is that, there is a (lift of) 
pre-log curve whose obstruction couples with Oi trivially, too. As in 
genus one case, one sees that this is equivalent to the condition that 
the integral lengths of the edges Ei and E2 are the same when they 
have weight one. The case with higher weight is similar. 

In fact, in this case the zero locus of the Kuranishi map can be stud- 
ied exactly as in the genus one case, and the moduli space of smoothable 
pre-log curves is locally isomorphic to the complexification of the mod- 
uli space of tropical curves satisfying the (straightforwardly extended) 
well-spacedness condition, see Subsection 17.61 In particular, the di- 
mension of the moduli space is larger than expected, whenever it is 
non-empty. 

On the other hand, if there is another source of obstruction as in Fig- 
ure [20], then there is no smoothable pre-log curve of the corresponding 
type whatever the length of Fi is. 

7.4. The case /C = 0. For some tropical curves {T,h), the Kuranishi 
map becomes zero, so that any pre-log curve of type (F, h) is smooth- 
able. We use the same notations as in the previous subsection. Take 
a bouquet Li of F. We cut Li at the trivalent vertices as in Section 
[Hand let {/l^,™} be the set of connected components obtained by this 
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Figure 20. 

process. Let f/i^,™ be the subspace of spanned by the direction 
vectors of the edges of li^m, as in Section SJ 

For any B G Bl,, we choose lLi,mB so that it is the unique element 
of {lLi,m} intersecting the closure of B. Let Vb be the subspace of 
spanned by the direction vectors of the edges of B. The following is ob- 
vious from the calculation of the obstructions in Section [5l because the 
pairing of the residues with elements of H are zero when the condition 
in this proposition is satisfied. 

Proposition 80. Suppose that a tropical curve (F, /i) (we assume As- 
sumption A ) satisfies the following condition: For any bouquet Li and 
B G BLi, the inclusion 

Vb C UL,ms 

holds. Then, the Kuranishi map is zero at any order and at any (lifts 
of) pre-log curve of type (F, h). □ 

Corollary 81. Suppose a tropical curve (F, h) has a unique bouquet L, 
and all the components of the complement h{T) \ h{L) are unbounded 
edges. Then the Kuranishi map is zero at any order and at any (lifts 
of) pre-log curve of type (F, h). □ 

In particular, given any finite, weighted, trivalent, closed (that is, 
there is no open edge) graph G, and a piecewise linear embedding g of 
it to some M" with the condition that it satisfies the balancing condi- 
tion (Definition [3]) at the trivalent vertices, then there is a smoothable 
tropical curve (F, /i : F — )■ M") which is an extension oi g : G ^ 
in the sense that there is an inclusion t : G — )■ F such that h o l = g. 
Such a (F, h) is obtained just by adding an unbounded edge to each 
di-valent vertex of the image g{G) so that the resulting trivalent vertex 
satisfies the balancing condition. 

We give a simple example to which this proposition applies. 

Example 82. We consider the following immersed genus two tropical 
curve in M'^ (Figure [2T]) . 

This is a modification of the tropical curve Fi in Subsection 15.2.11 
The modification is done to each unbounded edge, so that the direction 
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Figure 21. 




0). 



We saw that this is a superabundant curve and dim if = 1. Moreover, 
the support of a nonzero element of H is the whole loop part (Figure 
|22|) . and it is decomposed into the union of edges as in Figure |H 



It is easy to see that this example satisfies the assumption of Propo- 
sition |80l so any pre-log curve of type (F, h) is smoothable. 

One calculates that the expected dimension of this curve is 12. On 
the other hand, since dim H = 1, the moduli space of the tropical curve 
has dimension 13. Since any pre-log curve of type (F, h) is smoothable, 
the moduli space of the holomorphic curves obtained by smoothing 
these pre-log curves also has dimension 13. In fact, this corresponds 
to a genus two curve in x which is contained in a subvariety 
P^ X P^ C P^ X P^ In P^ X P\ this curve has degree (3, 2) and one sees 
that the moduli space of those curves has dimension 11 (this moduli 
space is smooth of expected dimension). There is a two dimensional 
freedom to move P^ x P^ in P^ x P-"^, and the curves have total 13 
dimensional moduli parameter. 

It is possible to put 13 dimensional incidence conditions to tropi- 
cal/holomorphic curves of type (F, h), and count curves satisfying these 
conditions. However, in this case there is no reason to expect that the 
counting number is independent of the position of the incidence condi- 
tions (compare with Theorem ITT]) . 




Figure 22. 
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7.5. Realizability of tropical curves. Roughly speaking, any finite 
graph can be realized as a tropical curve which is smoothable. To state 
the result more precisely, we introduce the following notion. 

Definition 83. Let F be an abstract finite graph without a one-valent 
vertex, possibly with non-compact edges. We say that another graph F' 
is a stabilization of F if F' contains F as a subgraph and each component 
of F' \ F is a tree, which is attached to F at just one point. 

In other words, a stabilization F' is a graph obtained from F by 
attaching some trees. 

Let F be any trivalent graph as above. We consider an embedding h 
of F to M" for some n, so that the resulting pair (F, h) is a tropical curve 
(with suitable weights on the edges of F) and moreover smoothable. It 
is easy to see that not every curve F has an embedding as a tropical 
curve. However, it is also easy to see that there is a stabilization F' of 
F such that F' has an embedding clS db tropical curve. 

According to any immersed tropical curve in is smoothable 
(at least when the vertices are at most four-valent and each four-valent 
vertex is a normal crossing of two edges). So we might say that if we 
allow self-intersections to the map h, then any trivalent graph has a 
stabilization F' which is also trivalent, such that there is a map h : 
F' — )■ and (F', h) is a smoothable tropical curve. 

But when we require h to be embedding (there are some situations 
in which this is desirable. For example, when F has a ribbon struc- 
ture.), a map to is clearly insufiicient. Using Proposition [771 we can 
easily deduce more satisfactory statement. Namely, the following can 
be shown by a straightforward inductive argument. 

Proposition 84. Any trivalent graph F has a stabilization F' which is 
also trivalent, such that there is an embedding h : V ^ for some n, 
and (F', h) is a smoothable tropical curve. □ 

7.6. An extension of the well-spacedness condition. Here we 
give an extension of the well-spacedness condition (Definitions HU [5T]l 
for general curves which have unique bouquet L. We assume Assump- 
tion C described at the begining of Section\^for simplicity. 

Let (F, h) be such a tropical curve. Let H be the space of dual 
obstruction vectors as usual. Let 



be the decomposition of the bouquet of F into the union of segments, 
as in the beginning of Subsection 17.11 As before, let -B^ be the set of 
connected components of F \ L. 
Take any element a E H. Let 



L = [ji 



■m 



m 
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be the decomposition of Supp{a) into the union of segments, induced 
from the decomposition of L above. Let Ua^i be the element of (A^c)^ 
attached to the component la,i by a. It defines the annihilated affine 
hyperplane La^i = (ua^i)'^ containing la^i. Let {-Ba,i;fc}fc be the set of 
elements of Bl whose closures intersect la,i. 

The intersection of La^i and -Ba,i;fc may have several connected compo- 
nents, but there is the unique one, Bf^.j^, closest to L. The component 
^aik is ^ ^^^^ which may or may not have one-valent vertices (when 
there is no one-valent vertex, then B^^i.^k = -BnVfc)- Let d^^i-k be the min- 
imum of the length in the sense of Definition [SH] from these one-valent 
vertices to L. When there is no one-valent vertex, then set da,^k = oo. 

Using these notations, we can describe the extended well-spacedness 
condition. 

Definition 85. The tropical curve (F, h) satisfying Assumption C is 
called well-spaced if the following condition is satisfied for any a E H: 
In the set 

of integers (Uoo), one of the followings is satisfied. 

(1) The minimum is taken by at least two elements. 

(2) The minimum is taken by a unique element, the corresponding 
vertex is four-valent and the tropical curve is locally isomorphic 
to Example 1 or Example 2 (b) of Subsection 15.21 around this 
vertex. 

The following is proved as in the genus one case (Theorems H^l 1321) . 

Proposition 86. Let (F, h) be a tropical curve as above. Then it is 
smoothable if and only if it is well-spaced. □ 

The well-spacedness condition can be generalized to more general 
situations, and the moduli space of smoothable pre-log curve can be 
studied in detail in many cases. We leave the details of these studies 
to future research. 
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